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P E N E T R A T I O N AND CASCADE PHENOMENA 

by 

G. Z g r a b l i c h * 

A B S T R A C T 

T h i s w o r k t r e a t s two p e n e t r a t i o n - p h e n o m e n a p r o b 
l e m s at low e n e r g i e s and two at v e r y high e n e r g i e s : 

1. The s topping p r o b a b i l i t y in a m a t e r i a l of a g iven 
th i cknes s . The c o r r e s p o n d i n g i n t e g r o - d i f f e r e n t i a l equa t ion 
i s shown to have a r e g u l a r so lu t ion accoun t ing for a f ini te 
n u m b e r of c o l l i s i o n s , and a s i n g u l a r so lu t ion r e p r e s e n t i n g 
the c o n t r i b u t i o n f r o m an infini te n u m b e r of c o l l i s i o n s . The 
g e n e r a l so lu t ion i s unique if and only if the s i n g u l a r so lu t ion 
i s i d e n t i c a l l y z e r o . 

2. The ion iza t ion c a s c a d e p r o d u c e d by a c h a r g e d 
p a r t i c l e . The d i s t r i b u t i o n of i o n - p a i r s p r o d u c e d i s c o m p u t e d 
a n d e a n be a p p r o x i m a t e d by the L a n d a u u n i v e r s a l d i s t r i b u t i o n 
for e n e r g y l o s s by i on i za t i on . The m e a n n u m b e r of ion p a i r s 
c o n d i t i o n a l on a g iven e n e r g y l o s s by the p r i m a r y is shown 
to be l i n e a r and independen t of p r i m a r y e n e r g y , v a r y i n g l i t t l e 
wi th the n a t u r e of the a b s o r b e r . The c o m p u t e d e n e r g y l o s s 
p e r i o n - p a i r p r o d u c e d i s in good a g r e e m e n t wi th e x p e r i m e n t s . 

3. Mul t ip le p a r t i c l e p r o d u c t i o n m o d e l s a t c o s m i c -
r a y e n e r g i e s and t h e i r p r e d i c t i o n s for q u a n t i t i e s such a s 
i n e l a s t i c i t y and m u l t i p l i c i t y d i s t r i b u t i o n s . S p e c i a l a t t en t i o n 
i s p a id to the t w o - t e m p e r a t u r e m o d e l . 

4 . The t h r e e - d i m e n s i o n a l n u c l e o n - p i o n c a s c a d e , 
so lved by a s e m i a n a l y t i c a l m e t h o d , p r a c t i c a l for n u m e r i c a l 
c o m p u t a t i o n . The l a t e r a l s t r u c t u r e funct ion for the n u c l e a r 
act ive c o m p o n e n t of e x t e n s i v e a i r s h o w e r s i s c o m p u t e d for 
s e v e r a l v a l u e s of the inc iden t e n e r g y and i s c o m p a r e d to 
Monte C a r l o c a l c u l a t i o n s and to e x p e r i m e n t a l r e s u l t s . 

Resident Student As-̂ ociate, Dec 1967—Nov 1969. with a Fellowship of the National Research Council 
of Argentina. Now at Universidad Nacional de Cuyo. Facultad de Ciencias, San Luis, Argentina. 
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I. REVIEW OF PENETRATION PHENOMENA 

A. Introduction 

The observation of the phenomena that occur when a part icle pene
trates a material has been one of the main sources for fundamental d is 
coveries in modern physics and for the understanding of the s t ructure of 
matter and of particles themselves. 

In general, since the effect of the material on the penetrating 
particles is statistical in nature, one is interested in the probability d i s 
tributions of their number and states, as a function of time or of the d is 
tance traveled, and quantities related to experimental observations that 
depend on these distributions. 

The large variety of collision events that should be taken into 
account in a complete theory of the penetration of part icles into mat ter 
would make it impossible to obtain practical results . However, to a good 
approximation, the effects of some types of collisions can be separated 
from the effects of other types of collisions. Therefore we can consider 
separately a number of penetration phenomena in each of which only a few 
types of interactions are relevant to the quantities to be calculated. This 
will become clear in Section B below when we discuss some of the main 
types of collisions that can occur when energetic part icles penetrate a 
medium. 

The discussion of these problems will be much simplified by the 
following assumptions: 

1. The total number of penetrating part icles is much less than the 
number of collision centers in the medium. 

2. The effects of the particles on the medium are negligible; we 
only consider the effects of the medium on the par t ic les . 

3. The collision events are independent of each other. 

4. Collective effects are neglected (each collision event is con
sidered as an isolated event). 

5. The collision events are instantaneous. 

1„^ • <.^r ^ ''"'^"^^ °^ *^^ assumptions, we can split the mathematical prob-
r t h e con" '^""'^ ^'"f"' ° ' ' ' " ' " ' ^" elementary probability distributions 

l r o b a L > . " ° " . r ' " ' ' (<i i«--nt ia l cross sections), and then find the 
probability distributions of the number of states of the par t ic les . The 
sernZl ^^ " '^^ Physical analysis of the interaction p rocess , the 
u ^ ^ e t t t ' ' ' ° '"'" ''^'^'--^ statistical theory (assumptions 3 and 4 

suggest the use of the theory of Markov processes) . 
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B. Review of Collision Events 

Two kinds of interactions, electromagnetic and strong, are of 
importance to penetration phenomena. 

Electromagnetic interactions a re , in general, well understood, and 
we will briefly summarize their main charac ter i s t ics . 

Strong interactions present challenging problems, especially at 
very high energies . Among them, the problem of mult iple-part icle p ro 
duction is of special interest for the penetration of par t ic les into mat ter 
(in this case in the cosmic- ray showers phenomena) and will be discussed 
more extensively. 

1. Electromagnetic Interactions 

Different situations can be distinguished according to the 
impact pa ramete r b of the collision (see Ref. 1 or 2); 

a. b » atomic distances 

Here the spin of the colliding part icle is not taken into 
account, and we consider the scattering with the atom as a whole. 

b. b » atomic distances 

Here the main contribution comes from the inelastic scat
tering with atomic electrons. The main phenomenon that occurs is ioniza
tion. The resul ts will be different, according to the mass and spin of the 
incident par t ic le . If the energy loss is large, the electrons of the atom 
can be considered as free; otherwise, the binding energy should be taken 
into account. Compton and photoelectric effects occur if the incident 
par t ic le is a photon. 

c. b « atomic distances 

Here the nucleus plays the most important role as a scat
tering center . 

The change in direction of motion of the incident part icle 
becomes important because of the Coulomb interaction with the nucleus. 
F u r t h e r m o r e , two very important phenomena occur: bremsst rahlung 
(radiation process) and pa i r -c rea t ion (creation of a pair (e ,e") by a photon). 

All these types of collisions contribute with very different 
weights to the severa l phenomena one wants to descr ibe . 



12 

Ionization phenomena, which are important at low energies 
(<few MeV), are covered by collisions of types a and b. Here we are 
interested in obtaining the probability distributions of energy losses , ion 
pairs, and range. At low energy, collisions of type c do not intervene 
except for multiple scattering. 

At higher energies (say >108 eV), we become more interes ted 
in cascade phenomena (electron-photon cascades) which are covered by 
collisions of type c. Here collisions of types a and b are unimportant; 
even the Compton effect is negligible in this case. 

A quantitative and extensive coverage of electromagnetic in ter 
actions, as applied to penetration phenomena, appears in Refs. 1-3. 

2. Multiple Particle Production at Very High Energy 

Multiple production of particles in strong interactions begins 
at a few GeV. The particles that are capable of strong interactions are 
called hadrons (protons, neutrons, TT mesons, K mesons, A par t ic les , etc.). 

Here we have only an empirical picture of the phenomenon and 
will summarize the main characteris t ics . 

a. Momentum Distribution of Secondaries. To a good approxi
mation, the longitudinal and t ransversal momenta in the cen te r -of -mass 
system (CMS) can be considered as independent radom variables . Then the 
CMS momentum distribution can be expressed as a product f(p?)g(p*). The 
CMS longitudinal momentum distribution f(pt) dpj seems to follow an 
exponential law, say ( l /a) exp(-ap|); the CMS t ransversa l momentum dis 
tribution g(p?) is better represented by 

const pf '̂̂ 2e"'̂ Pt , 

where a and b are parameters of the interaction. 

A striking feature is that the mean t r ansve r sa l momentum 
<p*) is generally observed to be independent of the initial energy of the 
incident particle (<p*) « 0.4 GeV). 

^ _ j ^ - Inelasticity. Inelasticity is a random variable defined as 
K = 1 - E/Eo, where E is the energy carr ied away by the incident part icle 
and Eo IS its initial energy. The inelasticity has a mean value which 
depends on the mass of the incident particle (<K*) «0.5 for nucleons, 
«0.9 for pions) and has wide fluctuations. 
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c. Multiplicity. Multiplicity is a random variable which 
represen ts the number of secondary part icles created in an interaction. 
Its mean value depends on the energy of the pr imary through either one 
of the laws 

<n) = const EJ^*, (n) = const log EQ. 

(Experiments cannot distinguish between them.) As in the case of inelas
ticity, the multiplicity has wide fluctuations. Its distribution can be approxi
mately expressed as n^'e""'^, where c and d are pa ramete r s depending on 
the type of secondaries considered and on the pr imary energy. 

In describing penetration phenomena in which strong in ter 
actions at very high energy occur (nucleon-pion cascade), collisions 1 and 2 
of the electromagnetic interaction type are completely i r relevant and col
lisions 3 are ra ther complementary (nucleon-pion + electron-photon 
cascades). General review ar t ic les on these interactions, as related to 
cosmic ray showers, appear in Refs. 4 and 5. 

In what follows we shall divide the discussion of penetration 
phenomena into two par ts : low-energy and high-energy phenomena. 

In Pa r t One, two typical problems will be discussed: stopping 
probabili t ies and ionization cascades. 

In Pa r t Two, we shall analyze the multiple production of pa r 
t icles with special interest in the two-temperature model of high-energy 
interactions and then t reat the three-dimensional nucleon-pion cascade 
problem. 

In each chapter, one section will be dedicated to summarizing 
the resul ts obtained, and this will be used instead of a general summary. 
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P A R T O N E 

L O W - E N E R G Y P H E N O M E N A 

II . S T O P P I N G P R O B A B I L I T I E S 

A. I n t r o d u c t i o n 

W h e n a p a r t i c l e h a v i n g e n e r g y E Q e n t e r s a m e d i u m , i t l o s e s e n e r g y 

i n t h e c o l l i s i o n s w i t h t h e a t o m s of t h e m a t e r i a l a n d e v e n t u a l l y s t o p s . T h e 

t h i c k n e s s of m a t e r i a l t r a v e r s e d b y t h e p a r t i c l e u n t i l i t s t o p s i s c a l l e d t h e 

p r o j e c t e d r a n g e R p of t h e p a r t i c l e i n t h e m a t e r i a l . We s h a l l u s e t h e t e r m 

r a n g e g e n e r i c a l l y t o d e n o t e , i n a d d i t i o n t o t h e p r o j e c t e d r a n g e : 

1. T h e e f f e c t i v e r a n g e R g , 
b y t h e s c a t t e r e d p a r t i c l e . 

v h i c h i s t h e t o t a l p a t h l e n g t h t r a v e r s e d 

2. T h e l a t e r a l r a n g e Rj^, w h i c h i s t h e d i s t a n c e f r o m t h e e n d of t h e 
p a t h of t h e p a r t i c l e t o t h e a x i s p e r p e n d i c u l a r t o t h e s u r f a c e of t h e m a t e r i a l 
t h r o u g h t h e p o i n t of p e n e t r a t i o n . 

T h e r e l a t i o n b e t w e e n t h e v a r i o u s r a n g e s i s s h o w n i n F i g . 1. 

F o r t h e s a m e p a r t i c l e w i t h 

t h e s a m e Eo i n t h e s a m e m a t e r i a l , 

t h e r a n g e c a n t a k e d i f f e r e n t v a l u e s ; 

t h a t i s , i t s h o w s f l u c t u a t i o n s , a n d w e 

a r e i n t e r e s t e d i n i t s p r o b a b i l i t y d i s 

t r i b u t i o n ( s t o p p i n g p r o b a b i l i t y ) . 

B e c a u s e of t h e i r i m p o r t a n c e 
i n p a r t i c l e d e t e c t i o n , r a d i a t i o n d a m a g e 
i n s o l i d s , e t c . , r a n g e - e n e r g y r e l a t i o n s 
h a v e b e e n e x t e n s i v e l y s t u d i e d b y 
s e v e r a l a u t h o r s ^ " ' f r o m a p h e n o m e -
n o l o g i c a l p o i n t of v i e w . 

Fig. 1. Representation of Stopping Ranges 

. . . , O u r a i m i s t o p r e s e n t a s y s 
t e m a t i c a n d r i g o r o u s t r e a t m e n t of s t o p p i n g p r o b a b i l i t i e s , b a s e d o n t h e 

g e n e r a l t h e o r y of f i r s t - p a s s a g e p r o c e s s e s d e v e l o p e d b y M o y a l . ' " 

We w i l l s h o w t h a t t h e s t o p p i n g p r o b a b i l i t y T] s a t i s f i e s a n i n t e g r a l 
e q u a t i o n w h i c h r e d u c e s t o t h e w e l l - k n o w n b a c k w a r d i n t e g r o - d i f f e r e n t i a l 
e q u a t i o n m t h e c a s e of f i n i t e c o l l i s i o n r a t e . We w i l l b r i e f l y d i s c u s s t h e 
e x i s t e n c e a n d u n i q u e n e s s of s o l u t i o n s a n d s o l v e t h e e q u a t i o n i n s o m e s i m p l e 
c a s e s . It w i l l t u r n o u t t h a t H i s a s u m of t w o t e r m s , TIR a n d e „ , w h e r e Tlo 
IS t h e r e g u l a r s o l u t i o n of t h e i n t e g r a l e q u a t i o n a n d i n v o l v e s a f i n i t e n u m b e r 
o c o l l i s i o n s , a n d 6^ r e p r e s e n t s t h e c o n t r i b u t i o n f r o m a n i n f i n i t e n u m b e r nf 
c o l l i s i o n s . T h e s o l u t i o n w i l l b e u n i q u e if e „ H 0. 
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B. I n t e g r a l E q u a t i o n for the Stopping P r o b a b i l i t y 

The i dea of ob ta in ing a g e n e r a l f o r m u l a t i o n for the s topping p r o b a 
b i l i t y can be ou t l ined a s fo l lows . We define the p r o b a b i l i t y tha t a p a r t i c l e 
in a g iven s t a t e * m a k e s i t s f i r s t p a s s a g e t h r o u g h a g e n e r a l s u r f a c e in t he 
t h r e e - d i m e n s i o n a l s p a c e . Then the to t a l f i r s t - p a s s a g e p r o b a b i l i t y wi l l be 
the p r o b a b i l i t y tha t the p a r t i c l e m a k e s i t s f i r s t p a s s a g e t h r o u g h tha t s u r f a c e 
in any s t a t e , and one m i n u s t h i s quan t i t y wi l l be the p r o b a b i l i t y tha t the p a r 
t i c l e i s s topped b e f o r e m a k i n g i t s f i r s t p a s s a g e t h r o u g h the g iven s u r f a c e . 

Le t X be the se t of a l l p o s s i b l e p o s i t i o n s x (the t h r e e - d i m e n s i o n a l 
C a r t e s i a n s p a c e ) and V ( s t a t e s p a c e ) the se t of a l l i n t r i n s i c p h y s i c a l 
o b s e r v a b l e s v ( i . e . , m o m e n t u m , e n e r g y , spin , e t c . ) of a g iven p a r t i c l e , 
and ca l l the o r d e r e d p a i r uj = (v,x) i t s p h a s e . The s p a c e 0 = V X X wi l l 
be the p a r t i c l e p h a s e - s p a c e and B(n) a B o r e l f ield of m e a s u r a b l e s u b s e t s 
A of n. 

If X ( T ) i s a c l o s e d m e a s u r a b l e s u b s e t of X bounded by a m e a s u r a b l e 
s u r f a c e T, we can define a p a r t i a l l y o r d e r e d set F of a l l s u r f a c e s T by 
s t a t ing tha t TI 2 TJ if X ( T I ) 2 . X ( T 2 ) . We ca l l X(T) a point on T, and IJ)(T) = 
( V , X ( T ) ) i s the p h a s e of a p a r t i c l e on T. Then n(T) = V X X ( T ) , I ; (T) = 
V X T, and r(T) i s a m e a s u r a b l e s u b s e t of S ( T ) . 

We can now def ine a f i r s t - p a s s a g e p r o c e s s , a c c o r d i n g to Moyal , a s 
a f a m i l y of f i r s t - p a s s a g e funct ions P , wh ich a r e cond i t iona l p r o b a b i l i t y d i s 
t r i b u t i o n s on B [ I ; ( T ) ] X n(T) sa t i s fy ing the cond i t ions 

I. F o r e a c h fixed p h a s e (D(TO) € n(T), P[- |U)(TO)] i s an i n c o m p l e t e 
p r o b a b i l i t y d i s t r i b u t i o n on B [ Z ! ( T ) ] . 

II. F o r e a c h fixed se t r(T) € B [ I ; ( T ) ] , P [ r ( T ) | ] is a m e a s u r a b l e 
funct ion on 0(1) . 

III. F o r e a c h t r i p l e T S T] 2 TQ, P s a t i s f i e s the g e n e r a l i z e d C h a p m a n -
K o l m o g o r o v r e l a t i o n , 

P[r(T)|u)(To)] = [ P[r(T)|tD(Ti)]P[dOu(Ti)|u)(To)]. ( l ) 

T h i s m e a n s tha t if r(T) = A X S ( T ) , w h e r e A £ B ( V ) and S ( T ) £ B ( T ) , 
t h e n P [ r ( T ) |a)(To)] i s the p r o b a b i l i t y t h a t , g iven a p a r t i c l e wi th i n i t i a l p o s i t i o n 
X(TO) i n s i d e T, in the s t a t e VQ. the p a r t i c l e e v e n t u a l l y m a k e s a f i r s t p a s s a g e 
t h r o u g h s o m e poin t X ( T ) € S ( T ) in s o m e s t a t e V € A. So we can s ee t h a t 
K[T|U)(TO)] = P [ I : ( T ) |U)(TO)] i s the t o t a l f i r s t - p a s s a g e p r o b a b i l i t y for the 

*By "state," we understand the set of values of the particle momentum, energy, spin, etc. 
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particle given the initial phase U;(T„). and that XH^o)] - 1 " H[T |.>(TO)] is 
particle give „ ^ „ _ „ through T, given the initial phase (D(TO), and 
the probability of no passage tnruugn >, s 
represents the stopping probability. 

We shall generalize even more the kind of process for which we can 
define the stopping probability by introducing a discontinuous f i r s t -passage 
; : o c e s s ' ° ' " as the Tne whose first-passage function satisfies the conditions 
stated above and the integral equation 

P[r(T)lai(To)] = Po[r{T)k(To)] + [ , ^ p[r(T)l»]Q[da,, T|ui(To)]. (2) 

In an abbreviated notation, P = Po + P*Q. fo^ each pair T S T„, where Po 
and Q satisfy the conditions: 

I'. Po is a first passage function. 

i r . For each T 6 T, Q is a conditional probability distribution on 
B[n(T)] X n(T). 

I i r . (a) For each triple T 2 Tj 2 To, Po and Q satisfy the joint con
sistency relation 

Q [ r ( T ) , T | u ) ( T o ) ] = Q [ A ( T i ) , T i | a ) ( T „ ) ] + f Q [ A ( T ) , T | l D ( T i ) ] P o [ d a ) ( T i ) | u ) ( T o ) ] , 

where A(T]) = A(T) H n(Ti). 

(b) For each pair T 2 To, HO[T |U)(TO)] + 6[T |IJ)(TO)] s 1, 
where HO[T|IU(TO)] = PO[I:(T) |U)(TO)] and e[Tliu(To)] = 
Q[n(T), T|UJ(TO)]. 

The situation now is that we have split the process in two: a p rocess in 
which the state of the particles is changed in a continuous form, and a 
process in which the state is changed by jumps. Then, Pg is a first passage 
probability with no jumps and Q is the probability of a first jump and con
sequent state before a first passage through T. Of course we could consider 
just a certain kind of jump in Q and include in Po any other way of changing 
the state of the particle. Following this interpretat ion, KO[T|U)(TO)] is the 
total probability of a first passage through T with no pr ior jumps and 
6[T|U)(TO)] is the total probability of a first jump before a first passage 
through T. Then T1O[T |U)(TO)] = 1 - HO[T|U)(TO)] - e[T|u)(To)] is the probability 
of no jumps and no first passage through T; and H and T] are now defined 
from P as before. 
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F r o m Eq. 2 and the fact that T] = 1 - H, Tlo ^ 1 - HO - 9, 1 *Q = 6 and 
1 - 'O = 1 - Tlo - 6 + (1 - Tl) *Q = 1 - Tlo - •n*Q. we can see that the s topping 
p r o b a b i l i t y 1] i s g iven by the i n t e g r a l equa t ion 

T1[T1OU(TO)] = T1O[T| I I , (TO)] + f Tl(T|a))Q[duu.T|m(To)], (4) 

^ ( T ) 

Tl = Tlo + T)*Q. (5) 

F u r t h e r m o r e , s ince P s a t i s f i e s the C h a p m a n - K o l m o g o r o v equa t ion , wc have 

H [ T | U ) ( T O ) ] - / . • [T | l l . (T , ) ]P[du) (Ti ) |u . (To) ] , T 2 T , S T Q . (6) 

H e n c e , subs t i t u t i ng 1 - T] for ,-. into Eq. 6 y i e ld s the c o n s i s t e n c y r e l a t i o n 

T 1 [ T | U ) ( T O ) ] = T l [ T , h ( T o ) ] + / Tl [T |a) (Ti ) ]P[da)(T, ) |u j (To)] , T S Tl 2 To (7) 

To d i s c u s s the e x i s t e n c e and u n i q u e n e s s of so lu t ions of Eq. 5 s a t i s fy 
ing condi t ion 7, we i n t r o d u c e : 

Qn+i = Qn*Q. Qo = 1. Pn+i = P*Qn. 

nn = Tlo*Qn. Sn = e*Qn- , , 6^ = l i m d^. 

and no t i ce t ha t , wi th the i n t e r p r e t a t i o n s g iven b e f o r e , T1J,[T |UJ(TO)] i s the 
p r o b a b i l i t y of no f i r s t p a s s a g e t h r o u g h T af te r e x a c t l y n j u m p s i n s i d e T, 
and 6oci['''I UJ(TO)] is the p r o b a b i l i t y of an inf ini te n u m b e r of j u m p s b e f o r e 
such a f i r s t p a s s a g e . 

Now we can s t a t e the fol lowing: 

CO 

T h e o r e m . T|p = X Tlĵ  i s the s m a l l e s t nonnega t ive so lu t ion of Eq. 5 tha t 
• n = o 
s a t i s f i e s Eq . 7; it i s the unique bounded so lu t ion of Eq. 5 if and only if 8„ = 0. 

T h i s t h e o r e m h a s b e e n p r o v e d in Ref. 10 for the f i r s t - p a s s a g e p r o b a b i l i t y P . 
S ince TIR i s g iven by the s a m e equa t ion a s P (Eq. 5) with the s a m e Q, it 
only r e m a i n s to p r o v e tha t it s a t i s f i e s the c o n s i s t e n c y condi t ion Eq . 7. F i r s t 
we c a n w r i t e a r e l a t i o n a n a l o g o u s to Eq. 3 for Q^̂  in the f o r m 



2n[A(T),T|uo(To)] = Q n [ A ( ^ i ) . ^ i ^ ( ^ o ' ] 

+ y f Qi[A(T),T|a)(T,)]Pn.j[du)(T,)lu)(To)], 

T 2 T, 2 To; n = 1,2 (8) 

On the other hand, T|o sa t i s f ies 

Tlo[Th(To)] = T1O[TI|U)(TO)] 

+ f T l o [ T | l D ( T , ) ] P o [ d u ) ( T , ) | u j ( T „ ) ] , T 2 Tl 2 To. ( 9 ) 

^ 2 ( T , ) 

Substituting E q s . 8 and 9 into the equat ion !!„ = Tlo*Qn and m a k i n g u s e of 

Po*Qk = Pi<;. we obtain 

\ [ T h ( T o ) ] = T I J T , l a i (T„) ] + X / , , T l j [ T | m ( T , ) ] P „ . j [ d u ) ( T , ) l a ) ( T o ) ] , 

j = o ^ ( • ' ' i ) 

T 2 T, 2 To. • ( 1 0 ) 

Final ly , 

T1R[T|UJ(TO)] = Y, 11n[T|uj(To)] 
n = o 

= Z |Tln[T,k(To)]+ X / T1J[T|U,(T,) ]PJ^ .[du)(T,)|u)(To)]| 
n=o I- j = o 2 ( T I ) J 

= T1J^[T, |U)(TO)] + j Tlj^[T|uj(Ti)]P[d(D(T,)|u)(To)]. ( l l ) 

The most g e n e r a l solut ion of Eq. 5, a s we sha l l s e e , c o n s i s t s of the s u m of 
the t e r m s TJĵ  and e„. If we put Hn = Ho*Qn, then ^ + , = 6 * 0 ^ = 
(1 - to - Tlo) *Qn = Sn - Hn - Tin, and, by i t e r a t i o n , 

n 
9n+i = 1 - E (Hi + Tli). 

j = 0 
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Since the l i m i t for n 

e„ = 1 - I ( i j + Tij) = 1 - >tR - TIR, 
j = o 

w h e r e we put 

00 

H R = X Hj. 
J=0 

So we s ee tha t Tl = 1 - H R = Tlo + 9„. T h i s m e a n s tha t if 6„ = 0 ( s t ab le 
p r o c e s s ) , the s topping p r o b a b i l i t y i s g iven by K R , whi le if 6^ / 0 (uns tab le 
p r o c e s s ) , t he s topping p r o b a b i l i t y r e c e i v e s a c o n t r i b u t i o n 6^ involving an 
inf ini te n u m b e r of c o l l i s i o n s . 

C. P u r e J u m p P r o c e s s wi th F i n i t e Co l l i s i on Ra te 

In t h i s s e c t i o n , we sha l l r e s t r i c t the p r o c e s s to a p u r e j u m p p r o c e s s 
and a s s u m e a f ini te c o l l i s i o n r a t e . We sha l l see how the g e n e r a l f o r m u l a t i o n 
of Sec t ion B above r e d u c e s to a w e l l - k n o w n b a c k w a r d i n t e g r o - d i f f e r e n t i a l 
equa t ion . 

Le t u s sp l i t the s t a t e v a r i a b l e v in the f o r m v = i\l, v), w h e r e p, i s 
the uni t v e c t o r in the d i r e c t i o n of m o t i o n of the p a r t i c l e and y i n c l u d e s the 
r e m a i n i n g s t a t e v a r i a b l e s . Then , the p o s i t i o n v e c t o r of a p a r t i c l e tha t i s 
i n i t i a l l y a t x and u n d e r g o e s no c o l l i s i o n s in t r a v e l i n g a l eng th of p a t h s 
b e c o m e s x + ^is. 

Now we a s s u m e tha t t he p r o b a b i l i t y thaf a p a r t i c l e at x and in s t a t e 
(|i, Y) su f f e r s a c o l l i s i o n whi le t r a v e l i n g a d i s t a n c e 6s i s X.(jJ,, y, x )6s + 0 ( 6 s ) , 
and the p r o b a b i l i t y of m o r e than one c o l l i s i o n is 0 ( 6 s ) . 

Le t cp(A||j,o, Yo' ^o) be the t r a n s i t i o n p r o b a b i l i t y f r o m the s t a t e 
(|J,o, Yo) t ° s o m e s t a t e {[i, y) € A, g iven tha t a c o l l i s i o n o c c u r r e d at Xj. 

If for any g iven s u r f a c e T, R(|J,O,XO, T) = inf(s |xo + |ioS € T) , t hen for 
a p u r e j u m p p r o c e s s , we have 

r rR(M'0.xo,T) 
T1O(TIM.O. Yo.xo) = exp - / >I(M.O. Yo. ^o + Hos) ds 

L "̂ 0 

6[T |XO+HOR(M'O.XO, T ) ] (12) 
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Q(AX S, TIHO, YO'^O) 

rR(no,Xo,T) 
cp(Al̂ Lo. Yo.xo + Hos) 6(s |xo + Hos) 

exp >.(no. Yo.xo + Hol) d | X(Ho. Y0.X0+ M.os) d s , (13) 

where A £ B ( V ) , S 6 T, XO = X(TO), To ^ T, and 

1 if t e C, 

. 0 if t ^ C. 
6(C l t ) 

Substituting E q s . 12 and 13 into Eq. 5, we obta in 

'•R(M,O,XO,T) 

T1(T|M,O. YO.XO) = exp 

"R(HO.XO,T) 

;^(tio. Yo.xo + Hos) ds 6[Tlxo + tioR(tio.xo,T)] 

X(ii, Y, xo + tios) tp(dndY|M,o, Yo.xo + M-os) 

exp / Xiiio, Yo.xo + M.o5) d? X(M'0. YO. X0 + M.0S) d s . (14) 

Using the fact that R(M,O, Xo +HoS, T) = R(M.O. ^o, T) - M.oS and deno t ing the 
spat ia l de r iva t ive of Tl in the d i r ec t i on of jio by Ho ' (b/bxo)Tl, we f ina l ly 
obtain f rom Eq. 14 the "backward" i n t e g r o - d i f f e r e n t i a l e q u a t i o n 

M.0 • • ; ^ T1(T||1O. Yo.xo) = ^(M.0. Yo.xo)Tl(Tl|io, Yo.xo) 
0x0 

- X(fio, Yo.xo) J 1 1 ( T | H , Y, Xo)tp(dM,dY|M.o. Yo. ^o) . (15) 

This equat ion is val id for any kind of r a n g e , and we can ob ta in t he equa t ion 
for any range by a p p r o p r i a t e l y defining the s u r f a c e s T. F o r e x a m p l e , to 
obtain the p ro j ec t ed r ange for a c e r t a i n d i r e c t i o n , we t ake p l a n e s p e r p e n 
d icu la r to that d i r ec t i on . If, on the o t h e r hand , we want t he l a t e r a l r a n g e 
with r e s p e c t to a given d i r e c t i o n , t h e n we have to t ake c y l i n d e r s w h o s e 
common axis i s the given d i r e c t i o n . 
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We now t u r n to the e q u a t i o n for the d i s t r i b u t i o n of the effect ive r a n g e 
and c o n c e n t r a t e on t he s p a c e h o m o g e n e o u s p r o c e s s , w h e r e \ and tp a r e 
i n d e p e n d e n t of XQ. If, f u r t h e r m o r e , X i s i n d e p e n d e n t of |i and cp d e p e n d s 
only on ^i • JIQ = c o s 9 (where 6 i s the angle b e t w e e n the in i t i a l and f inal 
d i r e c t i o n s p,o and (ij), t h e n the e q u a t i o n for T\ s i m p l i f i e s c o n s i d e r a b l y . 
If we take t he s u r f a c e s T to be p l a n e s n o r m a l to the p a t h of the p a r t i c l e 
and introduce the p a t h l eng th s, the t e r m |j,o ' b/ftxo of Eq . 15 b e c o m e s 
- b/ &s and 

t(>'(dY|Yo) = /tp(dYdM, I Yo. M.o) 

i s independent of IIQ. The b a c k w a r d e q u a t i o n now b e c o m e s 

^ T 1 ( S | Y O ) = - X ( Y o ) / [ T l ( s | Y o ) - T l ( s | Y ) ] c p ' ( d Y | Y o ) . (16) 

D. Ef fec t ive Range D i s t r i b u t i o n in S imp le C a s e s 

Al though the quan t i t y of g r e a t e r i n t e r e s t f r o m the poin t of v iew of 
a p p l i c a t i o n s i s the p r o j e c t e d r a n g e Rp, '^ the effect ive r a n g e i s a good 
a p p r o x i m a t i o n in the c a s e of p e n e t r a t i o n of h e a v y fas t ions when the effect 
of m u l t i p l e s c a t t e r i n g i s r e d u c e d . 

F u r t h e r m o r e , the e q u a t i o n for the d i s t r i b u t i o n of the effect ive r a n g e 
i s s i m p l e enough to be so lved e x a c t l y for s o m e s p e c i a l f o r m s of the s c a t 
t e r i n g funct ion. 

Le t u s t ake the e n e r g y E a s the u n i q u e ' s t a t e v a r i a b l e for the p e n e 
t r a t i n g p a r t i c l e and a s s u m e tha t the s c a t t e r i n g funct ion q3(dE|Eo) h a s the 
f o r m 

cp(dE|Eo) = ^ d E . (17) 

T hen we sha l l s e e k the so lu t ion of 

^ T l 3 ( t | E o ) = -X(Eo)Tle(t|Eo) + \(Eo) r " Tlg(t | E ) ^ ^ dE (18) 
e 

for a r b i t r a r y X(EO) . 

Using the L a p l a c e t r a n s f o r m 

00 

Tle(Q'lEo) = f e - ° ^ Tlg(t|Eo) dt = L{Tle} 
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. . i„ j - * „ „ n /•nlF„l = 0, we t r a n s f o r m Eq. 18 in to 
and the " in i t i a l " condit ion Tle^OILo; 

. Eo 
3(Eo)[l + a A ( E „ ) ] i ( a l E o ) = / ^ ° i ( a l E ) a ( E ) d E 

Differentiat ing with r e s p e c t to Eo, we obtain 

^ = a(Eo)cp/{[l + a A ( E o ) ] b(Eo)}, 
&Eo 

where 

cp = [l + tv^X(E„)]b(E„)Tie(a?|Eo). 

After in tegra t ion , and us ing the condi t ion Tle(Q;| e) = l / a , we ob ta in 

ê(̂ l-o) - . S i W\(E0)J - \ C ^" -̂ )̂A^̂ °̂H1 ..A(E)])). (19) 

Now, since tp m u s t be n o r m a l i z e d in such a way tha t 

^E„ 

4 b(Eo) 

it follows that 

•p 

b(E„) = r a(E) dE, 

and the re fo re a(E) = d b / d E . 

Hence the equat ion for T| b e c o m e s 

Eo 

^̂ ^̂ 1̂̂ °) -- ^[S^\ir^&])VAl ^b(E)/{b(E)[l..A(E)]}). (20) 

Expanding the exponen t ia l in the r i g h t - h a n d s ide of Eq . 20 and put t ing 
9(t|Eo) = L '{cvTlg} for the i n v e r s e of cA\e ( th is m e a n s tha t 9 i s the p r o b a b i l i t y 
density function of the p r o b a b i l i t y d i s t r i b u t i o n Tl(t|Eo)), we have 
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9ftlF-> - . - .Lbi i i i iVMlU 
^'*'^°' - ' 1b(E„)ri + aA(E.) 

, r b(e)[H-c»A(e)] 
>(£„)[!+c»A(E„)] 

" ^ .E„ E„ k db(Ej) \(Ej) 1 

6(t) + 
E„ ^E„ k db(Ej)\(Ej) k exp[-X(Ei)] 

k = l -"e .^e j = i J ' 1=1 
" n U(E^)-X(Ei)] 

Vi 

and f ina l ly . 

" , k ^Eo 

•"iw ̂  il,i[jik-)-ira]"'''-̂ <H'\?,'̂  .?i 

ll \(Ej)d[tnb(Ej)] 

po2= 
"J e 

1 - e x p { - t [ \ ( E i ) - \ ( E o ) ] } 

k \ ( E o ) - \ ( E i ) 

n[MEj - \ (E i ) ] 

(21) 

The m o m e n t s of the d i s t r i b u t i o n can be ob ta ined d i r e c t l y f r o m Eq. 20 in 
the f o r m 

<R^(E„)) -- {-)^ 
&c^ 

cyf|g(a|Eo) 
(y=0 

The f i r s t two a r e 

<Re(Eo)> 

/~Eo 

•J c 

d [ t n b(E)] / 1 1 
X(E) V\(Eo) \ ( e ) 

and 

/pZfTTlN ^ R ^ ^ ^ N 2 + 7 r ^ ° d [ t o b(E)] 2 / 1 1 
<Re(Eo)) = (Re(Eo)) + 2 / _ _ _ + - ^ ^ ^ ^ ^ ^ ^ 

(^ L 
V^(Eo) >̂ ( oy 

Solu t ions can be i m m e d i a t e l y ob ta ined d i r e c t l y f r o m Eq. 20 in s o m e s i m p l e 
c a s e s . The r e s u l t s a r e p r e s e n t e d in a s c h e m a t i c way in T a b l e I. 



24 

T A B L E I. S t o p p i n g P r o b a b i l i t y i n V e r y S i m p l e C a s e s 

tp 
T l ( t |Eo ) 

- t / E 
I / E d E / E „ 0 1 - ( 1 + t A o ) e ° 

I 2 E d E „ / - t / E o T^ -T 
l / E ; — 0 — e dT 

Eg •̂ o 2'. 

^ t /Eo^ 

I / E ^ d E A o 0 ~7"j \ / T ' ^ ^ e ' ' ^ d T ( g a m m a d i s t r i b u t i o n ) 

A- -') ^° 
E . P o s s i b l e G e n e r a l i z a t i o n s 

T h e t h e o r y d e v e l o p e d h e r e i s v a l i d f o r a n a m o r p h o u s s u b s t a n c e . In 
a m e d i u m l i k e a c r y s t a l l i n e s o l i d , w e m u s t t a k e i n t o a c c o u n t c o l l e c t i v e 
e f f e c t s , a n d t h e c o l l i s i o n s w i t h t h e a t o m s of t h e m a t e r i a l w i l l n o l o n g e r b e 
m u t u a l l y i n d e p e n d e n t . T h i s c a u s e s t h e p r o c e s s t o l o s e i t s M a r k o v i a n 
c h a r a c t e r . 

H o w e v e r , w e c o u l d c o n s i d e r a s a n a p p r o x i m a t i o n t h a t t h e c r y s t a l i s 
a n a m o r p h o u s s u b s t a n c e i n w h i c h " s t r i n g s " a n d " p l a n e s " of a t o m s a r e 
i m b e d d e d in a r a n d o m w a y . D u e t o t h e g e n e r a l d e f i n i t i o n of a d i s c o n t i n u o u s 
f i r s t - p a s s a g e p r o c e s s a n d t o t h e e l a s t i c i t y of t h e c o n c e p t of " j u m p " i n t h e 
s t a t e of t h e p a r t i c l e , w e c a n c o n s i d e r t h a t t h e c o n t i n u o u s p a r t T|o of t h e 
s t o p p i n g p r o b a b i l i t y r e p r e s e n t s n o w t h e s o l u t i o n f o r t h e m a t e r i a l c o n s i d e r e d 
t o b e a m o r p h o u s , w h i l e t h e " j u m p " p a r t of E q . 5 r e p r e s e n t s t h e c o n t r i b u t i o n 
of t h e s c a t t e r i n g b y a " s t r i n g " a n d a " p l a n e " of a t o m s . 

T h e d i f f i c u l t y i s t o d e f i n e s c a t t e r i n g f u n c t i o n s f o r s u c h e v e n t s . 
T h e r e a r e a l r e a d y s o m e s t u d i e s of s c a t t e r i n g b y c o l l e c t i v e s y s t e m s of 
a t o m s ; a f a i r l y g e n e r a l a c c o u n t a p p e a r s i n Ref . 1 3 . 

I I I . T H E I O N I Z A T I O N C A S C A D E 

A. I n t r o d u c t i o n a n d S u m m a r y 

k n . 1, ^ ^ r * c h a r g e d p r i m a r y p a r t i c l e p a s s i n g t h r o u g h a n a b s o r b e r e j e c t s 
S o m r r ^ . ' f ' ' " " ^ ° ' ^ ^ ' " ' ^ ' '' e n e r g e t i c e n o u g h , w i l l i o n i z e f u r t h e r 
a t o m s . T h e t h e o r y of s u c h a n i o n i z a t i o n c a s c a d e w a s d e v e l o p e d i n a p r e 
v i o u s p a p e r ( r e f e r r e d t o h e n c e f o r t h a s I ) . I n t h e p r e s e n t r e p o r t , w e 
r e v i e w a n d e x t e n d t h e r e l e v a n t p a r t s of I . l e a d i n g t o a n u m e r i c a l c o m p u t a t i o n 
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of the distribution of numbers of ion-pairs produced by a p r imary of given 
energy passing through a homogeneous absorber . We will show that this 
distribution can be expressed to a good approximation in t e rms of auniversa l 
law, namely, the approximate analytic form for the Landau universal d is 
tribution for energy loss by ionization first given in Ref. 15 (referred to 
henceforth as II). 

One striking feature of ionization by fast charged part ic les is the 
linear dependence of p r imary energy loss on the number of ion-pairs 
produced, the most probable energy loss per ion-pair being independent 
of the p r imary energy, and varying little with the nature of the absorber 
(of the order of 35 eV per ion-pair) . In this report , we obtain an expression 
for the mean number N(W) of ion-pairs conditional on a loss of energy W by 
the pr imary . It is found that N(W) is independent of the initial pr imary 
energy. Fu r the rmore , if Ep is the most probable p r imary energy loss, 
then a numerical computation shows that N(Ep) var ies linearly with Ep, 
while (dN/dEp)"' yields a value for the energy loss per ion-pair in fairly 
good agreement with the experimental resul t s . (Qualitative explanations 
of this phenomenon have been advanced in Refs. 16-18.) 

B . Theory of the Ionization Cascade 

In this section, we review and extend the relevant par ts of I. Let 
Pn(u|E;t) du be the probability that a p r imary of initial energy E produces 
exactly n cascade electrons while losing energy between u and u + du in 
time t. The cascade process may then be character ized by the generating 
function 

•» ^ E 

Y ( z , X | E ; t ) = Y ^'^ e - ^ " p n ( u | E ; t ) dU. (22) 
n=o •'o 

Set t ing z = 0 in Y y i e l d s the L a p l a c e t r a n s f o r m i of the p r i m a r y e n e r g y -
l o s s d i s t r i b u t i o n p ( u | E ; t ) , 

- E 
p ( \ | E ; t ) = / e " ' ^ " p ( u | E ; t ) dU = Y(0 ,X |E ; t ) . (23) 

Setting X = 0, we ob t a in the p r o b a b i l i t y g e n e r a t i n g funct ion (br ie f ly , p .g . f . ) 
for the c a s c a d e n u m b e r d i s t r i b u t i o n 

G p ( z | E ; t ) = Y 2 " P n ( E ; t ) = Y ( z , 0 | E ; t ) , (24) 



where 

Pn(E;t) = I Pn(u |E; t )dU 

is the probability of a total of exactly n electrons in the cascade. 

For a fast primary, the knock-on electrons are emitted overwhelm
ingly with energies that are small compared to the p r imary energy E, and 
the secondary cascades each such knock-on initiates are small and terminate 
near the path of the primary. Hence, to a good approximation, we may allow 
that all such secondary cascades have terminated in the calculation of Y. 
Let qn(U) be the probability of exactly n electrons in such a terminated 
cascade initiated by a knock-on of energy U, and let 

aa 
g(z|U) = Y. ^''qn(U) 

n=i 

be the corresponding p.g.f. Let np(u |E) be the differential collision rate 
(per unit time) for primary energy loss, and let us assume that the pr imary 
ionizes only when it loses energy U 2 I, where I is a mean ionization 
potential for the absorber atoms, thereby initiating a secondary cascade 
with initial knock-on energy U - I. Then f satisfies the "backward" integro-
differential equation 

— Y(E;t) = / W E - U ; t ) g(U-I) - Y(E;t)}lL(U|E)dU, (25) 

where we have suppressed indication of the dependence of Y and g on 
z and \ and conventionally set g(U - I) = 1 for U S I. 

If E is very large compared to the most probable energy loss, we 
can, to a good approximation, substitute ¥(E)e"''^U f̂ .̂ ^ ( E . y) in Eo 25 We 
obtain M- • 

^ 'f(E;t) = Y(E;t) j [e-^Ug(u - i) . i ] np(u | E) dU, (26) 
0 

whose solution [with initial condition Y(E ;0 ) HE l] is conveniently written in 
the form 
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Y(z,x|E;t) = expJap(E)t j [e''^Ug(z | u - I) - 1 ] cpp(U | E) d u l , (27) 

^E 
where ap(E) = / IIp(u|E) dU and cpp = Hp/op. Then (see II and I), 

p(\ |E;t) = exp c^p(E)t I ( e - ' ^ U . i ) tpp(u|E) dU (28) 

and 

|E;t) exp a (E)t Y ( z"- l )Qn(E) (29) 

where 

r E 
Qn(E) = j qn(U- l )epp(u |E)dU. 

To evaluate g(z |E) , we assume again that a cascade electron 
ionizes only when it loses energy U 2 I (the mean ionization potential), 
thereby ejecting a further cascade electron of energy U - I. L e t n ( u | E ) 
be the differential collision rate for energy loss of an electron of energy E, 
and let x(W'|E;t) be the final energy probability density with no ionizing 
collisions for an electron of initial energy E in time t. Then x satisfies 
the "backward" equation 

bt 
+ or(E) x(w|E; t ) = / X ( W | E - U;t) n ( u | E ) dU, (30) 

where Q'(E) = I II(U | E) dU, while the p.g.f. G(z | E;t) for the number of 
-lo 

electrons in a secondary cascade initiated by a knock-on of energy E in 
time t satisfies the integral equation (cf. I) 

rt ^ E -W 
G(z |E; t ) = zx jE) + ds j dW / dU G(z | W - U;t - s) G(z | U - I;t - s) 

' I ' I 

x ( w | E ; s ) n ( u | w ) , (31) 



28 

where 

^E 
Xt(E) = / x ( w l E ; t ) d W. 

Only nonionizing col l i s ions cont r ibu te to the change wi th t i m e of x. 
In any t ime in t e rva l t of i n t e r e s t , we can expect that the n u m b e r of such 
col l is ions will be v e r y l a r g e , while the e n e r g y l o s s in e a c h co l l i s i on wi l l 
be v e r y sma l l as long as E » I; hence a "diffusion a p p r o x i m a t i o n " to 
Eq. 30 is l eg i t imate . Expanding the in tegrand on the r i g h t - h a n d s ide of 
Eq. 30 in a Taylor s e r i e s and neglect ing t e r m s of t h i r d o r d e r , we ob ta in 
the diffusion equation 

* + ai(E) + a(E) A . i b ( E ) - 4 
bt bE b E ' 

x ( w | E ; t ) (32) 

where 

^ E ^ I I 
Ofi(E) = j n ( u | E ) d U ; a(E) = / U n ( U | E ) d U ; b(E) = / U ^ n ( u | E ) d U . 

» 0 

A " z e r o - o r d e r " approx imat ion is to neg lec t l o s s of e n e r g y by non ion iz ing 
co l l i s ions ; i .e . , take 

x (W|E; t ) = 6 ( W - E ) e'^i^^^*. 

If we set b H 0 in Eq. 32, we obtain the " d e t e r m i n i s t i c " so lu t ion 

(33) 

x(W|E; t ) = 6 [ W - , r ( E ; t ) ] e x p 

"'^(E;t) 
a" ' (U)ai (U) dU 

where the final ene rgy £'(E;t) i s defined imp l i c i t l y b y 

t = / , ^ a - ' ( U ) d U . 
'fe'(E;t) 

An approx imate Gauss i an solution to Eq. 32, n a m e l y 

xp {-[E - W - m ( E ; t ) ] y 2 a ^ ( E ; t ) - X(E;t)}. 
x ( w | E ; t ) = [2na ' (E ; t ) ] - ' ^ ' 

whei 

(34) 

(35) 

^(E;t) = j cvi[^(E;s)]ds 



m(E;t) = I a[£'(E;s)] ds, 

and 
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a^(E;t) = / b[,?(E;s)] ds, 

is obtained via the "forward" equation 

| . . , ( W ) - A . a ( w ) - i ^ b ( W ) x(w|E; t ) = 0 (36) 

adjoint to Eq. 32 by substituting ^(E;t) for W in the expressions for a^, 
a, and b; note that the right-hand side of Eq. 35 converges to that of Eq. 34 
when c "*• 0. 

A good approximation to the p.g.f g(z | E ) of the terminated secondary 
cascade is now obtained by setting g(z |E) = G ( Z | E ; T ) , where T is the time 
required for the "determinist ic" final energy fi'(E;t) to vanish; i.e., 

Jo 
'(U) dU. 

/•E ^w 
g(z |E) = zxx(E) + j d W J dU g ( z | w - U ) g ( z | u - l ) K(U, W, E), (37) 

Substituting in Eq. 31, we obtain an integral equation for g, 

• E rW 

'I 

where 

"T 

"0 

x(w|E; t ) dt. 
0 

C. Computation of the Cascade Number Distributions 

We begin by computing the secondary-cascade number distribution. 
Clearly, g(z | E ) = z when 0 S E < I. It follows by induction (cf. I) that in 
the energy range (k - 1) I s E < kl, 

k 
g(z|E) = Y, zJqj(E) 

(i.e., qj(E) = 0 for j > k), and that the integrand on the right-hand side of 
Eq. 37 involves only products g(z | W) for values of W < (k- l) I: This yields 
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an iterative scheme for the computation of g(z |E) , and hence of the qy,(E), 
in successive energy intervals of length I. Fur the rmore , in the interval 
(k- 1) I ^ E < kl, we have 

1 

and hence need only compute q, qk-i- Substituting the polynomial 

expansion of g(z | E ) into Eq. 37, we find that 

q,(E) = XT(E) for all E 2 1 (38) 

and obtain the iterative relation 

E W k-i 
qk(E) = I d W j dU Z q j (W-U)qk . j - i (U- I )K(U , W,E) 

I I j = l 
for E 2k l , k = 2,3 (39) 

The electrons in the secondary cascade are predominantly of low 
energy, and the energy loss at each collision is predominantly in the 
neighborhood of the ionization potential. No simple expression for the 
differential cross section a (u |E) for energy loss U is available in this 
region, but it is known (see Eq. 27) that it exhibits a single maximum at 
U = I and approaches rapidly to the Rutherford cross section ap for 
increasing U; hence we use a phenomenological "resonance" expression 
for a (cf. II) 

a(u |E)dU=|^^_^^^Y^^. . (40) 

which tends to the Rutherford cross section CTR dU = Bdu/EU^ with 
increasing U. (B = nZz^e^, where Z is the atomic number of the absorber 
atoms, e is the charge of the electron, and ze is the charge of the impinging 
particle.) The half-width T of the resonance curve is evaluated by compar
ing with experimental values the calculated value of the p r imary ionization 
rate, which is proportional to 

/ 
E 

a dU, 
I 

and hence is approximately T"'. The differential collision rate is then 
M = Nva, where N is the number density of scattering centers and v is 
the primary velocity. 
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Substituting this expression for II in the expressions obtained in 
Section B above, we can compute the functions K(U, W, E) and X T ( E ) = qi(E), 
and consequently compute the probabilit ies qj^(E) for k 2 2 by the iteration 
relation (Eq. 39). 

To evaluate the p r imary cascade p.g.f. G (z |E; t) given by Eq. 29, 
we need the probabilit ies 

,E 

• ' I 

(E) = J qk(U- l ) cpp(u|E) dU; k = l , 2 , 3 (41) 

and hence the p r imary energy-loss distribution at each collision cp For 
a fast p r imary , where E » I, we can, to a good approximation, use the 
Rutherford c ross section GR and replace the upper limit of integration E 
by "o; thus we can take cpp(u) du = I du/u^ (cf. II). Substituting in Eq. 41 
and changing variables to e = 13/1, we find that the Q,̂  becomes 

Qk = / q ^ W e - l ) ] ^ ; k = 1,2 
JI e 

which is independent of E. 

Turning to Eq. 29 for the pr imary cascade p.g.f. G (z |E; t ) , we see 
that in the present approximation, Gp and hence the number probabilities P^̂  
depend on E and t only through the product a (E)t = T(E,t), which is the 
mean number of collisions experienced by the pr imary part icle in time t, 
or passing through an absorber of thickness x = vt, where v is the velocity 
of the pr imary . Changing variable to T, and further setting z = e '̂ ,̂ we 
obtain the Laplace t ransform of the pr imary-cascade number distribution 

M(g,T) - G / e - e | E ; ^ ^ ^ = f e - e P n ( T ) = e ^ ^ W (42) 

where 

R(e) = Y (e'^'^-OQi, -kp 

k=i 

Let N(T) stand for the total number of electrons in the pr imary 
cascade after an average of T pr imary collisions; i.e., N(T) is the 
random variable with distribution Pn(T) = Probability[N(T) = n]. For 
T>50, the most probable value Np(T) of N is large, and the distribution 



of N is sha rp ly peaked on Np. F o r t h e s e r e a s o n s , we can a p p r o x i m a t e 

P (T) by a continuous d i s t r i b u t i o n P(v , T) ob ta ined by the f i r s t s add l e po in t 

thod applied to the f o r m a l i n v e r s i o n of M(P, T) (cf. II) 
• n 

me 

-c+i" 
p ( ^ T) = — r e x p [ T R ( z ) + z v ] d z = - a - ' [2nTR" (Pv)] 

2ni ; 
.^c-i" 

• : / 2 

e x p { T [ R ( P j - p ^ R ( 3 j ] } , (43) 

where Bv is d e t e r m i n e d impl i c i t ly by the r e l a t i o n v = -TR ' (p^ ) , whi le 

-(2nT)-»/^ [ " V 5 ^ exp{T[R(fl) - eR'(P)]} d0 + i P O ( T ) 
•JR. 'Po 

i s a n o r m a l i z a t i o n c o n s t a n t . 

A p r o g r a m w a s w r i t t e n t o i m p l e m e n t t h e c o m p u t a t i o n s d e s c r i b e d 
a b o v e o n t h e C D C 3 6 0 0 . T h e r e s u l t s a r e s h o w n i n F i g s . 2 - 5 . F i g u r e 2 
s h o w s t h e p r o b a b i l i t i e s q i ( E ) , . . . , q4(E) a s f u n c t i o n s of E , c o m p u t e d f o r a n 
i o n i z a t i o n p o t e n t i a l I = 14 .9 e V a n d h a l f - w i d t h (of t h e r e s o n a n c e c u r v e ) 
r = 6 .26 e V . T h e p r o b a b i l i t i e s Q j . s h o w n i n F i g . 3 , c o n v e r g e r a p i d l y t o t h e 
s e q u e n c e c / ( k + 1 ) , w h e r e c = 0 . 5 6 i s a n o r m a l i z a t i o n c o n s t a n t . F u r t h e r 
m o r e , c o m p u t a t i o n s s h o w e d t h a t t h e p r o b a b i l i t i e s q j . ( E ) , if p l o t t e d a s 
f i i n c t i o n s of E A , a n d h e n c e t h e d i s t r i b u t i o n s Qj^, a r e n o t a t a l l s e n s i t i v e 
t o t h e v a l u e c h o s e n f o r I i n t h e r e l e v a n t r a n g e of 1 0 - 5 0 e V , w h i l e T v a r i e s 
l i t t l e b e t w e e n a b s o r b e r s . H e n c e t h e d i s t r i b u t i o n s s h o w n i n F i g s . 2 a n d 3 
m a y b e c o n s i d e r e d a s u n i v e r s a l , i . e . , i n d e p e n d e n t of t h e a b s o r b e r , t h u s 
c o n f i r m i n g t h e r e s u l t s i n I I . ( T h e v a l u e s o b t a i n e d h e r e a r e s o m e w h a t d i f 
f e r e n t f r o m t h o s e g i v e n i n I I , m a i n l y o w i n g t o t h e f a c t t h a t l o s s of e n e r g y 
b y n o n i o n i z i n g c o l l i s i o n s h a s b e e n t a k e n i n t o a c c o u n t . ) 

Fig. 2. Probabilities qĵ CE). ANL Neg. No. 145-1264. 
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Fig. 3 

Probabilities Qj; and c/(k2 + 1) Law. 
ANL Neg. No. 145-1265 Rev. 1. 

Fig. 4 

Distribution P(v,T) Given by Eq. 43. 
ANL Neg. No. 145-1263. 
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Comparison of the Distribution P(V,T) 
of Fig. 4 to the Landau Distribution. 
ANL Neg. No. 145-1270 Rev. 1. 
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It follows f rom the u n i v e r s a l i t y of Q n ' s tha t the p r i m a r y c a s c a d e 
number d i s t r ibu t ion Pn(T) depends on I and F only t h r o u g h T. The r e s u l t s 
of the computa t ion of the a p p r o x i m a t e d i s t r i b u t i o n P ( V T ) g iven by Eq . 43 
a r e shown in F ig . 4 in t e r m s of the r e d u c e d v a r i a b l e v A for T - 50, 100, 
and 200. An approx ima te e x p r e s s i o n 

R ( P ) = -0.413 P + 0.611 (log P - 0.328) (44) 

is obtained as in II but us ing the d i s t r i bu t i on {Q^} above . I n t r o d u c i n g in 

Eq. 43 the reduced va r i ab l e 

V - Vp V - Vp 

cT 0.567 T ' 

where 

[0.413 + 0.567(log 1.124 T -0 .672 ) ] (45) 

is the m o s t probable value of v, one obta ins (again as in II) the d i s t r i b u t i o n 
P{v, T) in t e r m s of the " u n i v e r s a l " Landau d i s t r i b u t i o n X L ( ™ ' ' ^•'^•• 

•̂  - •^p du) 
P ( v , T ) d v = XT ^ ^ d v , whe re xA" ' ) = (2TT)- ' '^- ' '^(a) + e""'). 

J-j c T d v '-' 

F i g u r e 5 c o m p a r e s the Landau d i s t r i bu t i on X L ( ' " ) with the d i s t r i b u t i o n s 
P(v, T) of F ig . 4, e x p r e s s e d in t e r m s of the r e d u c e d v a r i a b l e o) def ined 
above. A much be t t e r a g r e e m e n t , shown in F ig . 6, i s ob ta ined if we change 
v a r i a b l e s to m = [v - v' ( T ) ] / 0 . 5 6 7 T in P(v, T) , w h e r e \)p(T) i s the m o s t 
p robab le value of v d e t e r m i n e d by P(v, T) i n s t ead of the a p p r o x i m a t e va lue 
(Eq. 45). This shows, as might be expected , tha t the a p p r o x i m a t i o n (Eq. 44) 
to R is good for the shape of the curve P(v, T), but r a t h e r p o o r for i t s 

locat ion ( i .e . , for o)-

Fig. 6 
Comparison of the Distribution P(v,T) 
to the Landau Distribution with the 
Most Probable Value of v Given by 
the Distribution P(V,T). ANL Neg. 

No. 145-1267. 
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D. Relation between P r imary Energy Loss and Number of Ion-Pairs in 
P r i m a r y Cascades 

Let N ( U , T) be the number of ion-pairs produced by a pr imary 
suffering an average of T ionizing collisions conditional on a pr imary 
energy loss (by ionization) U, let Pn(U, T) be the distribution of this random 
variable with 

, | I (Z |U;T) = Y 2''Pn(U, T) 

the corresponding p.g.f,, and let P ( U | E ; T ) be the probability density for the 
pr imary energy loss (where E is as before the initial pr imary energy). 
Then 

'!{z, X, |E;T) i)j(z|U,T)e'''-^p(uiE,T) dU 

expA I [ e - ^ U g ( 2 J u - i ) - 1] cpp(u|E) dU 

where Y is the generating function defined in Eq. 22 and satisfying Eq. 27, 
and we have changed variables from t to T = cVp(E)t. Let 

H(U) -- Y =̂ WU) 
5z 

iiz\V) 

be the average number of electrons in a "terminated" secondary cascade, 
and let 

N ( U . T ) = Y "Pn(U.T) 6z 
• ( Z | U , T ) 

be the expected value of N ( U ; T ) , i e., mean number of ion-pairs m the 
primary cascade conditional on a pr imary energy loss U, Using Eq. 23 
for the Laplace t ransform p of p, we find that 
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l^z.\\E•.^) 
[ L t ( , l U ; T ) l e-^Up(UlE;T)dU 
[pz J z-1 

N { U ; T ) e " ' ^ " p ( u l E ; T ) d U 

• ^ 0 

f f [^ '̂̂ i"-^..,^"V"i='4"4^l 
(e^U' . 1) t p p ( U ' | E ) d U 

' n ( U - I ) e - ^ " c ( , p ( U l E ) d U P(X1E;T); 

i . e . , the Laplace t r a n s f o r m of N ( U ; T ) P ( U | E ; T) i s equa l to the p r o d u c t of the 
Laplace t r a n s f o r m s of p and of ii(U - I) cpp(U|E). H e n c e , 

/-W 
N ( W ; T ) P ( W 1 E ; T ) = T I p(W - U | E ; T ) H(U - I) cpp(U | E ) dU 

•^I 

-W-I 
/ n ( W - U - l ) cpp(W- U | E ) P ( U | E ; T ) dU. (46) 

Note that 11(1;) = O when U < I. Hence , we take the l o w e r l i m i t of i n t e g r a t i o n 
to be I ins tead of 0 in the f i r s t e x p r e s s i o n above , and the u p p e r l i m i t to be 
W - I in the second e x p r e s s i o n . 

Changing v a r i a b l e s to m = ( W - E p ) / T E o , T] = (U - Ep) /TEo, w h e r e 
Eo i s the m i n i m u m t r a n s f e r a b l e e n e r g y in a p r i m a r y co l l i s i on and Ep i s 
the mos t p robab le to ta l p r i m a r y e n e r g y l o s s , t r a n s f o r m s P ( W | E ; T ) dW 
into the " u n i v e r s a l " Landau d i s t r i bu t i on XL("J) do) ( see II), whi le cpp(U) dU = 
EO d u / u ^ b e c o m e s T dTl/(Tl+Tlp)^, whe re Tl = E / T E Q . Hence , w r i t i n g 
T|T = I / T E Q , we obtain 

dTl U{w) = N[TEo(u) + Tlp);T] = X L ( ^ ) / XL('"-Tl)n[TEo(Tl+Tl -Tli)] 
•^-Tlp+Tl j '' ' - • • " ' 

.U)-T1, 

(Tl + T l p ) ' 

= X-L X L ( l 1 ) n [ T E o ( a . - 1 1 - T l i ) ] - ^ . 
-Tl„ (<^-Tl) 

(47) 

Hence the e x p r e s s i o n re la t ing the m e a n n u m b e r of i o n - p a i r s N to the m o s t 
p robab le ene rgy lo s s Ep (see the l a s t p a r a g r a p h in Sec t ion A above and 
Fig . 7) i s [using the fact that Xi^{0) = (2TTe)"'^^] 
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N(Ep;T) = N(0) 

-'-Tip "- Tl̂  ( 4 8 ) 

F o r T 2 50, we can t ake 

T E O 
log 2 T - c. 

w h e r e c = 0.577 i s the E u l e r cons t an t , 
a s a suff ic ient a p p r o x i m a t i o n to the 
m o s t p r o b a b l e e n e r g y l o s s ( see II). 
The s e c o n d a r y - c a s c a d e m e a n n u m b e r 
n(U) was compu ted us ing the p r o b a b i l 
i t i e s q]^(U) shown in F i g . 2. C l e a r l y , 
n(U) = 1 for U s I; for U > I, n v a r i e s 
v e r y n e a r l y l i n e a r l y wi th U and can be 
a p p r o x i m a t e d by ( see F i g . 8) 

Fig. 7 

N(Ep) for Several Substances. 
ANL Neg. No. 145-1269 Rev. 1. 

00 

n(U) = Y kqk(U) = 1 + 0 - 2 8 ( Y - l)-

(49) 

Fig. 8. Computed 0(0) and Approximation to n(U) Given 
by Eq. 49. ANL Neg. No. 145-1271 Rev. 1. 

The funct ion N(Ep;T) w a s c o m p u t e d , u s ing Eq. 49 for s e v e r a l 
a b s o r b e r s , t ak ing I to be the m e a n and Eo the m i n i m u m ioniz ing p o t e n t i a l s . 
The d e p e n d e n c e of N on E is in a l l c a s e s v e r y n e a r l y l i n e a r , a s shown in 
F i g . 7. T h i s r e s u l t a p p e a r s to depend e s s e n t i a l l y on the c a s c a d e m e c h a n i s m 



and the E"^ dependence of the differential cross section for large energy 
transfers- it is remarkably insensitive to assumptions about the c ross 
secUon for low energy transfers. This was shown by recomputing the d is 
tributions qk(U) assuming no energy loss by nonionizing collisions, i.e., 
adopting Eq 33 for x; this led once again to a linear expression 

n(U) 1 + 0.75 1 
(50) 

for the secondary cascade mean number, and to a linear dependence of N 
on E„ for the same substances: the only change was in the slope of the 
line If we let Vo = (dN/dEp)"' stand for the probable energy loss per ion 
pair in the first case (H given by Eq. 49), and V„* for the same quantity m 
the second case (H given by Eq. 50), then it is clear from the theory that 
Vo > v t , and it was found that Vo and Vj lie between 18 and 47 eV, for all 
the substances examined, which is of the right order of magnitude. These 
results and the comparison with the experimental values, where available 
(from Ref. 20), are displayed in Table II. In all cases, the experimental 
values lie between Vo and Vj; for the hydrogen, where the very rough 
assumptions we have made regarding the cross sections may be expected 
to hold best, one does in fact find an experimental value of 36.3 eV per ion 
pair very close to the calculated Vo = 37.4 eV per ion pair. The agreement 
deteriorates for the noble gases with increasing atomic number; for helium, 
it is still near to the calculated Vo, while for argon, it lies nearer to Vo . 
This presumably indicates that for the noble gases, the true differential 
cross section decreases much more steeply with energy below its maxi
mum than it does for the phenomenological expression (Eq. 40). We may 
reasonably conclude that while the present theory accounts satisfactorily 
for the main features of the ionization cascade, agreement with experiment 
for the calculated mean energy loss per ion pair would be improved by 
introducing more accurate values of the differential cross sections for 
low-energy transfers. 

TABLE II. Calculated Values of Mean Energy Spent 
by the P r imary in Creating One Ion Pa i r 

Substance 
VQ {with nonionizing VQ (without nonionizing VQ (exper), 
energy losses) , eV energy losses) , eV eV 

H 
He 
Fe 
Al 
Ne 
Ar 

15.6 
44.0 

273.0 

155.0 

95.6 
305.0 

13.527 

24.46 

7.83 

5.96 

21.47 

15,68 

37.4 
46.42 

38.0 

33.0 

49.8 
38.5 

21.2 
28.4 
22.1 
18.5 
28.8 
21.9 

36.3 
42.3 

36.6 
26.4 
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PART TWO 

HIGH-ENERGY PHENOMENA 

IV. MULTIPLE-PARTICLE P-RODUCTION IN STRONG 
INTERACTIONS AT VERY HIGH ENERGY 

A. Introduction 

The main axiomatic approaches to the description of strong inter
actions, namely, the Regge poles, the quantum field, and quark theories , 
meet with more and more difficulties in providing a quantitative account 
of the experimental data on the multiple production of part icles in high-
energy collisions, as the multiplicity of secondaries increases . As an 
example, we refer to the effort of Caneschi and Pignotti.^' In contrast to 
this situation, thermodynamic and hydrodynamic models have been reason
ably successful in describing, in a quantitative way, several (though not all) 
features of the phenomenon at higher and higher multiplicities. In this area, 
we must distinguish the work of Heisenberg,^^ Landau,^' and his followers,^^ 
in the development of the hydrodynamic theory, and Koppe, * Fermi,^ and 
Hagedorn^'"^'' in the development of the thermodynamic theory. 

In addition, there are some purely phenomenological models like the 
CKP,^° the two-fireball,^''^^ and the multifireball'^ models, which also account 
for some aspects of the process . 

The two-temperature model, which has been quite successful in 
describing experimental data on one-particle naomentum distributions, has 
been developed from the thermodynamical theory ' with the incorporation 
of some empir ical character is t ics . We shall analyze some new interesting 
features of this model and study some of its predictions in the light of other 
models. 

In addition, we shall present the inelasticity distribution obtained by 
the Monte Carlo method for the two-temperature , the two-fireball, and the 
CKP models. Finally, we shall see how the multiplicity distribution can be 
obtained from the inelasticity distribution and discuss the difficulties 
involved in this step. 

B. The Thermodynamical Model of Hagedorn 

Hagedorn^'" ' has developed a stat ist ical thermodynamics model, 
which includes barionic number conservation, and applies to the situation 
created when two strongly interacting part ic les (hadrons) collide at very 
high energy. 
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In such a situation, we have a very big number of par t ic les confined 
in a small volume (fireball) for a time long enough for the strong interactions 
to establish an equilibrium between all their possible states and resonances. 
However, we only distinguish one "particle" from another by its degree of 
excitation. This led Hagedorn to define a fireball as: 

"a statistical equilibrium of an undetermined number of all kinds 
of fireballs, each of which, in turn is considered to be a s tat is t ical 
equilibrium of an undetermined number of all kinds of f ireballs , 
each of which, m turn is considered to be...[ad infinitum]." (P) 

This postulate generates a special kind of thermodynamics. 

If p(m) dm is the density of states of mass of the secondary fireballs 
and a(E) dE is the density of energy states of the principal fireball, the 
partition function of the system can be expressed either as 

exp p(m)F(m, T) dm 

with a known function F(m, T), or as 

- E / T dE. r a(E)e 

The postulate (P) implies that the functions p(m) and a(E) must have the 
same behavior asm->c<i. Hagedorn shows that we can require at most that 

log [p(m)] ^ 
log [a(m)] a s m -* 00 

That is to say, the entropies become the same, and this conditions leads to 

„/ 1 ^ const m/To 
^^""^^^^ " a sm^oo^ (5j) 

Veneziano" pointed out that this behavior of the mass spectrum of hadrons 
can also be predicted starting from a completely different point of view 
(which IS a remarkable coincidence). If the partition function diverges for 
all values of the temperature T > To, then this model predicts a maximum 

T ' s Y h b " , ° ^ ' ° ""'^ ' " ""'' ^'^^'^ •^^ '^^-^ - - « " • In other words, 
the i n c i d e n t " ' ' ^ - P / > - - ' - « ^ ^ hadronic matter . So, no mat ter how high 
1̂ 11 " on r o r ' t ' ^ ' ' t°b : T"^''^ - t e r a c t i n g particle is . strong interactions 
"boil ofr ° , l " t t""" ^° ' ' '^^""^"'^ *^^ prmcipal fireball will 
boil off particles, which in turn can produce other par t ic les , and so on 
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The occupation number can be calculated as from the partition 
function 

(52) fk(^.T) = ^ { e x p | > ^ + m ^ ) ' 

(-) for bosons 

(+) for fermions, 

where Zî  is the spin-isospin multiplicity of particle "k" and V is the 
hadronic interaction volume. 

As the thermodynamic equilibrium is reached in the reference frame 
in which the principal fireball is at rest ( R F B ) , kinematics is added to the 
model by ascribing a collective velocity distribution to it in such a way that 
the velocity is higher where the temperature is lower. Thus, more periph
eral par t ic les are produced with higher velocity. 

In the Hagedorn theory, the collective velocity distribution is fitted 
to obtain good agreement with experimental data by means of two velocity 
distributions, one for "newly created" part icles and one for "through-going" 
par t ic les . 

C. The Two-temperature Model 

Starting from the assumption that the t ransversa l momentum p±, and 
the longitudinal momentum p . in the center-of-mass system (CMS) are 
independent random variables (this is a quite nealistic assumption ), 
Wayland and Bowen^'* proposed a model in which "two thermodynamical 
equilibria" are established in the CMS with two character is t ic temperatures 
T and Tj, and then obtained the distributions for pj_ and p^ from the occu
pation number (Eq. 52) by integration. At high incident energy, these dis
tributions take the forms 

and 

where 

Wi(p*) dp* 

Wnipp dpi 

p*|j ,* K I ( ^ , V T O 
dp* 

Tom^c^ K2(mcVTo) 

T exp(-M,*/T)(l + ̂ x*/T) 

m^c' K2(mc2/T) 
dp^, 

(53) 

, * 2 , * 2 + m ' 

and 
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To is t aken as a fitting p a r a m e t e r , and T d e p e n d s upon the t o t a l c e n t e r - o f -
m a s s ene rgy th rough a second p a r a m e t e r . The fi t t ing of t h i s m o d e l to o n e -
p a r t i c l e m o m e n t u m d i s t r i b u t i o n s can be s e e n in Ref. 35. E f fo r t s have b e e n 
m a d e ^ ' to r e i n t e r p r e t the t w o - t e m p e r a t u r e m o d e l a s a o n e - t e m p e r a t u r e 
mode l in the R F B , with t e m p e r a t u r e T j , the second t e m p e r a t u r e T be ing 
the r e s u l t of the k i n e m a t i c s in p a s s i n g f rom the R F B to the CMS. H o w e v e r , 
th i s i n t e r p r e t a t i o n , as we sha l l s e e , c o n t r a d i c t s o t h e r c h a r a c t e r i s t i c s of the 
mode l . M o r e o v e r , at p r e s e n t we cannot say w h e t h e r the m o d e l can be i n t e r 
p r e t e d in t e r m s of f i r eba l l s and, if so, how m a n y and wi th what d i s t r i b u t i o n 
of ve loc i t i e s . 

The difficulty a p p e a r s when we t r y to r e c o n c i l e the f i r e b a l l o r i g i n 
of the mode l with the r e su l t i ng angu la r d i s t r i b u t i o n . 

D. Angular Dis t r ibu t ion in Log Tan (e* /2) 

In c o s m i c - r a y j e t s , the angu la r d i s t r i b u t i o n of s e c o n d a r y p a r t i c l e s 
in the v a r i a b l e x = log tan {d*/Z), w h e r e B* i s the angle of a p a r t i c l e wi th 
r e s p e c t to the f o r w a r d - b a c k w a r d d i r e c t i o n , h a s f r equen t ly two p e a k s ( th is 
fea ture gave or ig in to the t w o - f i r e b a l l s mode l ) . 

We shal l obtain and ana lyze the log t an ( e* /2 ) d i s t r i b u t i o n one ob ta ins 
f rom the t w o - t e m p e r a t u r e mode l . 

In g e n e r a l , if X] and xz a r e two independen t r a n d o m v a r i a b l e s wi th 
p robab i l i ty d i s t r i bu t i ons fi(x,) and f2(x2), then the new r a n d o m v a r i a b l e 
y - tp(x,,X2) has the p robab i l i t y d i s t r i b u t i o n 

f(y) = / dx, f , ( x i ) f 2 ( x 2 / ^ , (54) 

where the in t eg rand m u s t be e x p r e s s e d in t e r m s of x , be fo re the i n t e g r a t i o n 
IS p e r f o r m e d . If the c r i t e r i o n given by Eq. 54 i s app l ied to the t r a n s f o r m a t i o n 

y, = t a n e * = p * / p * , 

and fu r the r the following changes of v a r i a b l e a r e m a d 

Yz = tan (6*72), g iven in imp l i c i t f o r m by y^ 

and 

1 • 

'̂  = l°g Vz = 7 3 In y2. 

e : 
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t hen , u s ing the d i s t r i b u t i o n s g iven in Eq . 53, we obta in the a n g u l a r -
d i s t r i b u t i o n funct ion in the f o r m 

F(x) 2.3 T c o s h 2.3 X 
m4c5ToK2(mc2/To)K2(mcyT) sinh3l2.3 x | 

Pf 
*2 

P-t. 

,s inh 2.3 
+ m' 

„*2 
P t 

ToVsinh^ 2.3 
+ m ' 

e x p ( - n * / T ) ( l + n * / T ) d p | . (55) 

T h i s funct ion i s r e p r e s e n t e d in F i g . 9 as To i n c r e a s e s and in F i g . 10 
a s T d e c r e a s e s t o w a r d To. It can be o b s e r v e d tha t the t w o - p e a k e d f e a t u r e 
i s s t r o n g l y r e l a t e d to the m o d e l and is c o n t r o l l e d by t h e s e two v a r i a b l e s . 
The c a s e of d e c r e a s i n g T c o r r e s p o n d s to d e c r e a s i n g l eng th of the long i tu 
d ina l h a l f - a x i s of the e l l i p s o i d of c o n s t a n t m o m e n t u m in the CMS, and hence 
th i s a c t u a l l y b e c o m e s the R F B (where we have a s p h e r e of c o n s t a n t m o m e n 
t u m ) . T h i s can be m o r e e a s i l y v i s u a l i z e d by c o n s i d e r i n g F i g . 11 . The c a s e 
of i n c r e a s i n g To, even if it d o e s not r e a l l y o c c u r , b e c a u s e To h a s an u p p e r 
l i m i t ( say 0.16 GeV) , r e p r e s e n t s an i n c r e a s i n g t r a n s v e r s a l h a l f - a x i s of the 

Fig. 9. Angular Distribution Function F(x), for 
X > 0 for Different Values of To at 
Eo = 3000 GeV and m = 0.141 GeV/c^. 
ANL Neg. No. 145-1207 Rev. 1. 

Fig. 10. Angular Distribution Function F(x), for 
X > 0 for Different Values of Ep 
(primary energy) at Tn = 0.14 GeV 
and m = 0.141 GeV/?. ANL Neg. 
No. 145-1208 Rev. 1. 



e l l i p s o i d of c o n s t a n t m o m e n t u m 

i n t h e C M S . T h i s c o u l d l e a d 

o n e t o t h i n k t h a t t h e l o n g i t u d i n a l 

t e m p e r a t u r e i s a k i n e m a t i c 

e f f e c t w h i c h r e s u l t s w h e n w e g o 

f r o m t h e R F B t o t h e C M S . ' ' 

H o w e v e r , w e c a n s h o w 

t h a t if w e c o n s i d e r a o n e -

f i r e b a l l m o d e l w i t h a t e m p e r a 

t u r e To i n t h e R F B , w e a l w a y s 

Fig. 11. Polar Representation of the Angular Distribution o b t a i n a o n e - p e a k e d l o g t a n 

Function in Terms of the Angle 6* in the CMS, {d*/Z) d i s t r i b u t i o n i n t h e C M S . 
for Different Values of EQ (primary energy). ^^ ^^^^ ^^^ a n g u l a r d i s t r i b u t i o n 
ANL Neg. NO. 145-1209 Rev. 1. . ^ ^^^ '^^^ .^ 

dn 
4Tr' 

whe re dn is a d i f ferent ia l solid angle whose ax i s f o r m s an angle e with 
the f o r w a r d - b a c k w a r d d i r ec t i on . This m e a n s a d i s t r i b u t i o n of the f o r m 

sin e de. 

Now, if Yv, is the Loren tz fac tor of the f i r eba l l in the CMS and 

X = log tan {e*/Z), 

we have that 

F(x) dx 
d x 

cosh^ (x + xjj) 
(56) 

where xv, = log Yv,- This i s a one -peaked d i s t r i b u t i o n c e n t e r e d at x^ .̂ T h u s , 
as ment ioned e a r l i e r , we cannot r e l a t e the t w o - t e m p e r a t u r e m o d e l to a o n e -
f i r eba l l mode l in a s imple m a n n e r . 

E. H igh -ene rgy In t e r ac t i on Models and T h e i r Re la t ion to F i r e b a l l s 

The two- f i r eba l l mode l was m a i n l y i n t roduced to exp la in the t w o -
peaked fea ture of the log t an (9*/2) d i s t r i b u t i o n . D a i b o r g and R o z e n t a l ' 
have pointed out that a n u m b e r of m o d e l s a l so give t h i s f e a t u r e wi th a 
t r a n s v e r s a l m o m e n t u m d i s t r i bu t i on of the f o r m 

Wx(pt) dp* = const p* exp ( -p* /po ) dp*. 

They aff i rm that the two peaks a r e a c o n s e q u e n c e of i n c r e a s i n g the r a t i o 
P- t /Pi ^s EQ i n c r e a s e s . This could be i n t e r p r e t e d to m e a n tha t a t w o -
f i reba l l mode l i s u n n e c e s s a r y . However , the s a m e c a l c u l a t i o n s c a r r i e d 
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out wi th a t r a n s v e r s a l d i s t r i b u t i o n of the f o r m 

W j p * ) dp* = cons t p*' /2 exp( -p* /po) 

r a i s e doubt on the c o n c l u s i o n s ob ta ined by Da ibo rg and R o z e n t a l . 

On the o t h e r hand , we have jus t s een tha t the t w o - t e m p e r a t u r e m o d e l 
a l s o g ive s two p e a k s . 

The fact tha t a l l t h e s e m o d e l s p r e d i c t t w o - p e a k e d a n g u l a r d i s t r i b u t i o n 
does not exc lude the e x i s t e n c e of two f i r e b a l l s . In fact the t w o - t e m p e r a t u r e 
m o d e l in p a r t i c u l a r , could be r e l a t e d to an unknown n u m b e r of f i r e b a l l s 
w h e r e we have an unknown v e l o c i t y d i s t r i b u t i o n in the CMS. 

With Eq . 56 for one f i r e b a l l mov ing in the CMS wi th a L o r e n t z 
f ac to r Y^, we could ob ta in the log t an (6* /2 ) d i s t r i b u t i o n for an inf ini te 
n u m b e r of f i r e b a l l s wi th a d i s t r i b u t i o n (f{y\y) dyu for t h e i r L o r e n t z f ac to r 
in the f o r m 

F(x) dx = dx / — • dYt,. (57) 
Jy^ cosh ' ' (x + x^j) 

If we u s e for CP(YK) the d i s t r i b u t i o n ob ta ined by H a g e d o r n for h i s con t inuum 
i n f i n i t e - f i r e b a l l m o d e l we find a o n e - p e a k e d d i s t r i b u t i o n for both "newly 
c r e a t e d p a r t i c l e s " and " t h r o u g h - g o i n g p a r t i c l e s . " 

S ince o n e - and t w o - p e a k e d f e a t u r e s a r e both p r e s e n t in c o s m i c - r a y 
i n t e r a c t i o n s , we should look for a m o d e l tha t can accoun t for t h i s joint 
b e h a v i o r . A p o s s i b i l i t y of ach iev ing t h i s could be tha t of adding convec t ive 
m o t i o n to H a g e d o r n ' s mode l . ^ 

Now we sha l l c o n c e n t r a t e on ob ta in ing s o m e p r e d i c t i o n s on i n e l a s t i c i t y 
and m u l t i p l i c i t y d i s t r i b u t i o n s f r o m the t w o - t e m p e r a t u r e m o d e l . 

F . I n e l a s t i c i t y D i s t r i b u t i o n 

One of the m a i n t a s k s of any m o d e l of h i g h - e n e r g y i n t e r a c t i o n s i s to 
p r e d i c t the b e h a v i o r of the p a r t i c l e p r o d u c t i o n at c o s m i c - r a y e n e r g y . 

Af te r hav ing i n t e r p r e t e d the t w o - t e m p e r a t u r e m o d e l , we sha l l c o m 
p a r e i t w i th o t h e r m o d e l s , s ay the t w o - f i r e b a l l and the C K P m o d e l s , at such 
h igh e n e r g i e s . One way of doing i t i s to ob ta in the i n e l a s t i c i t y d i s t r i b u t i o n 
a s p r e d i c t e d by e a c h m o d e l . 

F o r s i m p l i c i t y , the p ion i n e l a s t i c i t y d i s t r i b u t i o n in the CMS, W(KJT) , 
wi l l be ob t a ined . Given the long i tud ina l and t r a n s v e r s e m o m e n t u m d i s t r i 
b u t i o n s in the CMS, say f(p,{ )̂ d p j and g(p*) dp? , and the m e a n m u l t i p l i c i t y 
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n^ co r r e spond ing to the e n e r g y under c o n s i d e r a t i o n , 1000 j e t s a r e g e n e r a t e d 
and the f requency d i s t r i bu t ion for the pion i n e l a s t i c i t y i s c a l c u l a t e d a s 
follows: 

t h e i r 
P Pf 

1. Obtain F(p|;) = [ ''' f(x) dx, G(p*) = [ g(x) dx, and 

i n v e r s e F " and G" . 

2. G e n e r a t e n^ un i fo rmly d i s t r i b u t e d r a n d o m n u m b e r s ?,, ^ j . • . , In ' 
where n.^ is even. 

3. Calcu la te njT/2 f -d i s t r i bu t ed r a n d o m n u m b e r s p , = F " ' ( | i ) , 

i = 1 n-^/z, and n „ / 2 g - d i s t r i b u t e d r a n d o m n u m b e r s p j . = 

G-'(5i) , 

i = nn /2 + 1 n^. 

4. Calcu la te the amount of CMS e n e r g y that goes into p i o n s , E^ . 

5. Calcula te the value of the i n e l a s t i c i t y , and r e p e a t the p r o c e d u r e . 

The e n e r g y - m o m e n t u m c o n s e r v a t i o n r e 
q u i r e m e n t s a r e a u t o m a t i c a l l y s a t i s f i ed , 
s ince we a r e sampl ing f r o m the d i s t r i 
but ions f (pt ) and g(p*). In fact , in the 
ac tua l c a l c u l a t i o n s , only about 0.5% of 
the j e t s had to be r e j e c t e d . F o r the t w o -
f i r eba l l mode l , Ey, i s c a l c u l a t e d in the 
RFB with an i s o t r o p i c p a r t i c l e d i s t r i b u 
t ion, i . e . , f(p*) = g(p*), and then E ^ in the 
CMS is obta ined by mul t ip ly ing by the 
L o r e n t z fac to r y for going f r o m R F B to 
the CMS. Since the t w o - f i r e b a l l m o d e l 
does not give any m o m e n t u m d i s t r i b u t i o n , 
the choice g(p*) = Wf (p^) g iven by Eq. 51 
was t aken and y was s e l e c t e d in such a 
way that the m e a n v a l u e s of K* g iven by 
the t w o - t e m p e r a t u r e and the t w o - f i r e b a l l 
m o d e l s w e r e the s a m e . The r e s u l t i n g d i s 
t r i b u t i o n s a r e shown in F i g . 12. T h e y a r e 
v e r y d i f ferent for the t w o - t e m p e r a t u r e and 
the CKP m o d e l s . The m e a n va lue p r e d i c t e d 
by CKP i s about 0 .57, and tha t p r e d i c t e d by 
the t w o - t e m p e r a t u r e m o d e l i s about 0.37. 
E x p e r i m e n t a l o b s e r v a t i o n s ' ^ s e e m to favor 
the las t one. 

TWO-FIREBALL MODEL, 

TWO-TEMPERATURE 

Pion Inelasticity Distribution in the CMS for 
Different Models at a Primary Energy of 
3000 GeV. ANL Neg. No. 145-1206 Rev. 1. 

F i g u r e 13 s h o w s t h e i n e l a s t i c i t y d i s 
t r i b u t i o n f o r t h e t w o - t e m p e r a t u r e m o d e l a t 
d i f f e r e n t v a l u e s of t h e p r i m a r y e n e r g y . 
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10 Gev 
3«io'GeV 

• lo'oev 

Fig. 13 
Pion Inelasticity Distribution in the CMS 
for the Two-temperature Model at Dif
ferent Values of Primary Energy. ANL 
Neg. No. 145-1266 Rev. 1. 

G. Mu l t i p l i c i t y D i s t r i b u t i o n 

Le t q(n|E.,^) d E ^ be the cond i t iona l p r o b a b i l i t y of p r o d u c i n g iT p ions 
(TT+,TT-,TT°), g iven tha t a CMS e n e r g y E * € (E?;, E * + dE*) is left to the pion 
c o m p o n e n t . Tha t i s to say , if E* is the t o t a l e n e r g y a v a i l a b l e in the CMS 
and K^ is the i n e l a s t i c i t y , t hen 

Err = K^Eo . 

If W ( K * ) dK^ i s the p r o b a b i l i t y tha t an event o c c u r s with i n e l a s t i c i t y KJJ € 

(Kyr, K* + dK„) , t h e n the m u l t i p l i c i t y d i s t r i b u t i o n i s g iven by 

p(n) = - ^ r ° W ( E * / E o * ) q ( n | E * ) d E * . (58) 
E * Jo 

Now, suppose tha t the chance for a p a r t i c l e to be "boi led off" d e 
c r e a s e s e x p o n e n t i a l l y wi th the e n e r g y E * left to the pion componen t (not 
wi th the t o t a l e n e r g y E^ ). 

T h i s i m p l i e s tha t q (n |E* ) i s g iven by a P o i s s o n d i s t r i b u t i o n , 

(o-E*)" 
q ( n | E * ) d E * = - _ I ^ exp(-cvE*) d E * , (59) 

w h e r e the m e a n n u m b e r a of p a r t i c l e s (pions) p r o d u c e d p e r uni t e n e r g y 
wi l l depend on the to ta l e n e r g y E* . H o w e v e r , we do not know th i s d e p e n d e n c e 
and , r a t h e r , wi l l u s e a a s a p a r a m e t e r to fit the e x p e r i m e n t a l da ta . 
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Introducing Eq. 59 in the integrand of Eq. 58, we obtain 

p(n) 
..E* r'^0 

Wi 
E*\ («E*)" 

EJ 
exp(-ffE*) dE*. (60) 

This probabili ty has been computed with the ine las t ic i ty d is t r ibut ion obtained 

with the Monte Carlo method at 100 GeV (see Fig . 13) and i s r e p r e s e n t e d in 

Fig. 14 for severa l values of the p a r a m e t e r a. The h i s t o g r a m r e p r e s e n t s 

the exper imental data of Abraham et ai.^^ F o r other fittings to the e x p e r i 

mental data, see Imaeda.^' 

12.0 19.0 ISA 

MULTIPLICITY 

Fig. 14. Pion Multiplicity Distribution at Different Values of the 
Parameter a. Compared with Experimental Results 
(histogram). ANL Neg. No. 145-1268. 

We have not been able to prove the assumption (Eq 59) but the re 
are other indications that it may not be too far from rea l i ty ^^ ' We feel that 
the answer may be in constructing a s tochast ic p r o c e s s model for the con
ditional probabili ty q(n |E*) based on the ideas of the s t a t i s t i ca l t h e r m o -
dynamic approach. 

H. Conclusions 

a double n e ? H , " ' ' ' ; " ' ' " ° ' ' ' ' ' ° ' h igh-energy in te rac t ions p red ic t 

t i d e s This t a t u r ' " ^ ^ ^ " ' ^ ^ " " ' ^ ^ l°g * - ^ V ^ ) of the produced p a r -
ic es. This feature is most pronounced in the t w o - t e m p e r a t u r e modei Uo 

tJo-ZlllZlT ' ^ ^ ' " ^ ^ ^^ ' ' " ^ ^ " ^^^^^^^^ '^ c h a r a c t e r i s t i c of the 
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The two peaks disappear as the incident energy is decreased (i.e., 
T -• To). This observed feature has a completely natural explanation in 
the context of the two-temperature model. 

The t ransverse temperature . To, decreases as the mass of the 
secondary increases . This corresponds to a decrease in the thermal 
motion of the par t ic les being "boiled off." Then, as To grows, the angular 
distribution in log tan {6*/z) will become more and more flat, turning 
toward a single peak. However, this situation will not be reached because, 
since the lowest mass part ic les produced are pions. To has an upper bound. 

The two-temperature and the two-fireball models agree quite well 
on the shape of the pion inelasticity distribution at cosmic- ray energies. 

Infinite-fireball models seem to lead to single-peaked log tan (6*/2) 
distributions. 

A model that gives the correct single or double peaked behavior 
in the correc t c i rcumstances is still unknown. 

V. THE NUCLEAR ACTIVE COMPONENT OF 
EXTENSIVE AIR SHOWERS 

A. Introduction 

In contrast with the three-dimensional electron-photon cascade 
problem whose solution has been extensively discussed, the three-
dimensional nucleon-pion cascade equations have not been solved analyt
ically, due to the complexity of the production cross sections. However, 
some Monte Carlo calculations have been made. ' 

A new concept on the particle generation, based on the number of 
pion links found in tracing a part icle back to the pr imary cosmic ray, in
troduced by Narayan and Yodh*' and later modified by Dedenko,*^ has been 
successful as a fast semianalytical method to solve the nucleon-pion equa
tions in one dimension. 

In this chapter the "pion links method" will be developed in order 
to obtain the la tera l and angular structure functions of the nuclear active 
component of cosmic- ray showers. Computed results will be presented 
for the la tera l s tructure function for showers produced in the atmosphere 
and in the ionization calor imeter . 

Several groups^'"^' are engaged in measuring the total nuclear cross 
sections at cosmic - ray energies due to the importance that the behavior of 
this quantity at very high energy has in establishing the validity of different 



of g r e a t i m p o r t a n c e to those e x p e r i m e n t s . 

B. M a t h e m a t i c a l F o r m u l a t i o n 

Let N(E, r , e , t ) d E d . d g and n(E,_r, 9 , t ) d E d r d S ^e th^ ^ ^ ^ ' i n ' t h e 
nuc leons and p ions , r e s p e c t i v e l y , in the e n e r g y - t ^ ^ ^ V f . ^ ! ^f ' ' ^ ^ f ^ 
r ad ia l v e c t o r i n t e r v a l ( r , r + d r ) and in the angle i n t e r v a l 6, 6 + dO) at a 
depth t, p roduced by a p r i m a r y of e n e r g y Eo. The v a r i a b l e s r and 9 a r e 

P ^ i l l u s t r a t e d in F ig . 15. The q u a n t i t i e s of 

i n t e r e s t a r e the r a d i a l and a n g u l a r s t r u c t u r e 

functions given by 

a n d 

CO 

W j ( E . r , t ) = II N ( E , r , e , t ) d e 

00 

W 2 ( E , e , t ) = II N ( E , r , e , t ) d r 

^z - t 

Fig. 15 
Spatial and Angular Coordinates for the 
Three-dimensional Cascade. ANL Neg. 
No. 145-1250. 

f o r t h e n u c l e o n s , a n d t h e s a m e f o r t h e p i o n s , 

s a y n i ( E , r , t ) a n d n 2 ( E , r , t ) . T h e p r o d u c t i o n 

c r o s s s e c t i o n s f o r e a c h i n d i v i d u a l h i g h - e n e r g y 

c o l l i s i o n a r e g i v e n b y S A B ( - E ' E ' , 6 - 9 ' ) d E d £ , 

w h i c h r e p r e s e n t t h e n u m b e r of p a r t i c l e s of 

t y p e A i n t h e e n e r g y i n t e r v a l ( E , E + d E ) a n d 

i n t h e a n g l e i n t e r v a l ( 9 , 9 + d 9 ) p r o d u c e d b y 

a p a r t i c l e of t y p e B , e n e r g y E ' , a n d d i r e c t i o n 

of m o t i o n 9 ' , g i v e n t h a t a c o l l i s i o n o c c u r r e d 

w i t h a n u c l e u s of t h e a b s o r b e r . 

We w i l l a s s u m e t h a t SjsfN a n d S-^^r 

a r e h o m o g e n e o u s f u n c t i o n s of t h e e n e r g y 

v a r i a b l e s , t h a t i s t o s a y , t h e y a r e of t h e 

f o r m ( I / E ' ) S N N ( E / E ' , 9 - 9 ' ) a n d ( I / E ' ) S N T T ( E / E ' , 9 - 9 ' ) , r e s p e c t i v e l y . T h e r e 

w i l l b e n o s u c h r e s t r i c t i o n o n S^N a n d Syĵ T-

If t i s m e a s u r e d i n u n i t s of t h e n u c l e o n - i n t e r a c t i o n m e a n f r e e p a t h 

X.I\f, N ( E , r , 9, t ) a n d J l (E, r , 9, t ) s a t i s f y t h e f o l l o w i n g s y s t e m of i n t e g r o -

d i f f e r e n t i a l e q u a t i o n s : 

I N(E,x,^.t) = -N(E.£.e , t ) 

. j dE' j [ dg' ( I / E ' ) S N N ( E / E ' , e - 8 ' ) N(E',x, 6', t) 

VJW^/- [•)n(E' ( 6 1 ) 
( C o n t d . ) 
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and 

( ^ e ^ ^ ) n ( E , _ r , e , t ) ( E . r . e . t ) 

i '^' ll'-i S i ^ ( E , E ' , e - 8 ' ) N(E' , r . g ' . t ) 

(Contd.) 
(61) 

+ —s„„(E,E'.e-e')n(E',r,e' ,t) 

w h e r e P i s the d e c a y p a r a m e t e r of the c h a r g e d p i o n s . 

If we i n t r o d u c e the double F o u r i e r t r a n s f o r m 

f(E, p , A , t ) 
4TT'' 

exp[ i ( r •£ + 9- A)] f(E, r , 9, t) d r d 9 , (62) 

the n u c l e o n l a t e r a l s t r u c t u r e funct ion wi l l be g iven by 

00 

Ni(E, r , t) = / / N(E, r , 9, t) d9 

CO 

- C O 

/ 2n 
•-^ rt 

N(E, p, 0 , t ) d£ 

pN(E, p, 0, t )Jo(rp) dp, 

w h e r e t he r e l a t i o n 

Jo(rp) 
2TT 

e"i^P cos cp dtp 

h a s b e e n u s e d . 

By the s a m e a r u g m e n t , 

W 2 ( E , 9 , t ) = / 2TTAN(E, 0, A, t)Jo(9A) dA, 

(63) 

(64) 

and the s a m e i s a p p l i c a b l e to n i ( E , r , t ) and n2(E, 9, t ) . 
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If the operators F^g are defined by 

rABB(E, p,A,t) = / dE'SAB(E,E',_A)B(E',£,A, t) 
•^E 

(65) 

the system of Eqs. 61 is transformed by the double Four ier t ransform 
(Eq. 62) into 

p • T h 1 - 1 

bt - SA 

a 

NN N(E, p. A, t) rNTTn(E,p,A,t) ; 

X A T S T O A.-NT 

U-^- 5A^J^^i -X;7^n") "(E.P'A.t) = r„NN(E,p,A,t). (66) 

To obtain the lateral structure functions, we must take the solution of 
Eqs. 66 at i\ = 0. To achieve this, the vector _A is first decomposed in 
two components, one parallel and one perpendicular to p, say Aj and A2. 
Then A2 is put equal to zero in the resulting equations, and finally the 
following change of variables is made: 

t. P' 
Al 

P, Y = y + t. 

The resulting system of equations is 

^N ^ + l - r N N ) N ( E , P , p ( Y - t ) , t ) = • ^ r N ^ ( E , p , p ( Y - t ) , t ) ; 

b ^N 
bt ̂ ? r " ^ E l " ~ ' ' H ' ^ ' ^ ' P ' P ^ ^ - * ) ' * ' = r„NN(E,p,p(Y-t),t). 

(67) 

The ^solutions of the system of Eqs. 67, taken at y = t, will yield W](E, p, t) 
and ni(E, p,t) which, by Eq. 63, are the Hankel t ransforms of the nucleon 
and pion structure functions, respectively. 

The Hankel transforms for the angular structure functions can be 
obtained directly by making £ = 0 in Eq. 66. 

The numerical solutions of the system (Eqs. 67) at y = t will be a 
pair of three-dimensional matrices whose elements are given by 

Wi(Ei, pj,tk) andn,(Ei , Pj, tk). 

Using the method of the pion links, to be discussed in Section C below, we 
can obtain these matr ices by slices determined by energy intervals . 
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C. The Pion-link Method 

One character is t ic of the high-energy interactions is that only a 
small number of nucleons is produced, and they car ry away a considerable 
amount of energy, while a large number of pions share the res t of the 
energy. No forward pion has been observed carrying a predominant amount 
of the available energy. This fact suggests the following way of defining 
the part icle generation in the nuclear active component of a cosmic- ray 
shower: A part icle (nucleon or pion) will be regarded as belonging to the 
nth generation if, when traced back to the pr imary cosmic ray, exactly 
n pion links are found. 

Let Ej'.rnax be the maximum energy observed among pions of the 
zeroth generation, E^ j^ax the maximum for the first generation, and so on. 
Analogously, let E J ' , E J ^ , „ ^ „ , ..., be the maximum energies for the dif-

° ' o,max i,max ^ 
ferent generations of nucleons. Then, if 

TT-TT _ -TTT 

i - l ,max i.max 

and 

AEN = E N - E N , 
i 1-1,max i,max 

in the slices determined by the energy intervals AE; and AE; Eqs. 67 
become 

and 

( H + ^ - ^ N N ) ^ " ^ ( E . P . t ) 

+ T^ + ^ ' ) n P ' ( E , p , t ) = r„NNp'(E,p,t), 

(68) 

and, in general , for the nth slice with n s 2, 

( | + i - r N N ) ' ^ > ' ( E . P . t ) = ^ r N „ n p - ' ( E , p , t ) 

and 

bt \ „ Et/ ' 
N (E,p,t) = r NW['''(E,p,t) + - ^ r „ ^ n r - ' ' ( E , p , t 

(69) 

The integration domains of the operators F^^g must be the same as the 
energy domains on which each function is defined. The second equations 
of Eqs. 68 and 69 are simple linear differential equations of the first 
o rder , and their solution is 
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n n E , p , t ) = exp - — t dTf-
?iN -t , 3/E ,^^ 

e x p ( — T r „ ^ < " ^ ( E , p , T ) 

+ -i^r„„nr"(E,p,T) 
' ^ T T 

(70) 

Then it is clear the Eq.^68 can be solved first^for W} , and this will 
determine the function II}'^ which determines Np^ in Eq. 69, and so on. 

It only remains to solve the first of Eqs. 69. This is an integro-
differential equation with the general "source term" 

n •to-'>'E, p,t) = - i i r N „ n r ' ' ( E , p , t ) 
A.TT 

= X ; i f S N „ ( E / E ' , p , t ) f i r " ( E ' , P , t ) , 

which is different for different slices. Because of the assumed form of 
SjsTN and Sjyf„, the first of Eqs. 69 can be solved by using the Mellin t r a n s 
form defined by 

r" 1 r^^^' 
g(s) = I xSg(x)dx, g(x) = - — I 

•^„ 2 T T I 1 , _ 

lis) 
d s . 

5-ioo X 

Using the in i t i a l condi t ion 

N , ( E . r , t ) | t , „ = ^ ( ^ - ^ o ) ^ . 

we obtain the solut ion 

1 rS+ic" 
W| " ' (E ,p , t ) = - L / 1 exp 

„i _t ^ 

/ SNN(q. P ' t ' ) qS dqdt ' - t 

E„« + F i " - ' ' ( s , p , t ) ] d s , (71) 

whe 

, (n- i ) F r * ' ( s , p , t ) = d T f ( " - ' > ( s , p , T ) exp"' SNN(q> P' T')q^ dqdT' - T 

(72) 
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For the Hankel t ransform of the integral lateral structure function given by 

WP'(>E,p,t) = J" Wp'(E',p.t)dE' 

1 r ' ^ ' " d s ^ . 3 

" ' 6 - 1 " 

X [ E | + F » - " ( s , p , t ) ] , 

SNN(q' P.tOq'' dqdt' - t 

(73) 

the integration can be carr ied out by the saddle-point method and the 
result is given in the parametr ic form 

Nj">(>E, p,t) 

j / SNN(q.p,t')q= dqdt' E | + F S " - " ( s , p . t ) 

= ^ 2 n f - ^ i r I 5NN(q 'P . ' ' ) q ' dqd t '+ t e [E | + F i " - " ( s , p . t ) ] l + i - j 
(74) 

^ f I SNN(q,p,t')q= dqdt' + [E„nF ,» - " ( s , p , t ) ] [E„S in E„ + ^ Fi""'>(s, p, t) ] - te E = 
(75) 

D. Par t i c les Production Cross Sections and Results 

In the present calculations, the following production cross sections 
were chosen:" 

5(9) 
S N N ( E , E O , 9 ) = n 6 ( E - ^ E o ) ^ 

S N „ ( E , E O , 9) = 6(E-T1EO) I ^ . 

(76) 

(77) 

and 

where 

S„iv,(E.Eo,9) 
"TTE^ 

2TTP^C'T 
exp - ^ T ^ J ^ (78) 

n^ = c/Ei' 
1/4 
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is the mean pion multiplicity, and 

T = ^ ^r 
a 

is the mean energy carried out by a single pion. 

The expression for S„„(E, Eo, 9) is the same as Eq. 78 with different 
value of the inelasticity K^. The values chosen for the pa rame te r s are 
given in Table III. 

TABLE III. Parameters for Production Cross Sections 

n 

2 

Y 

0.5 

Tl 

0.002 

Poc 

0.18 GeV 

Kn (nucleon) 

0.5 

KTT (pion) 

1.0 

a 

2.7 

Using these production cross sections the functions S^JVJ[E,E ' , p(Y-t)] 
and Sn„[E, E' , p(y - t)] in the integrand of Eq. 5 take the form 

Cf 

2TrpoC^Kn 

C . r - ( V - . ) , • - " -E'- '^^exp[-(a/K„)(E/E')^/^]Jl + Poc - (79) 

This will be responsible for the radial dependence of the la tera l s t ructure 
function. Because the factor Q/K^ is smaller for pion-nucleon scattering 
than for nucleon-nucleon scattering, the t e rm rnnfil'^^E, p,t) is the one that 
grows faster, so even a low-energy nucleon can produce a considerable 
number of part icles. 

Since the main difference among several multiple part icle produc
tion models is in the t ransversalmomentum distribution, Eq. 79 will be dif
ferent for each model and will probably cause appreciable differences in the 
lateral structure function, providing thus a way to test those models. 

A FORTRAN IV program, discussed in the appendix, has been written 
following the scheme of Section C above. The different sl ices were taken 
such that AEi = E„ - E„,i, AE2 = E„, , - E„,2, etc., where 

E„,, = (K„^)Er^ E„,2 = (K„A)E^/V 

and so on, but the results are not very sensitive to the choice of the energy 
intervals. In each slice, the "age" parameter s is computed as a function 
r ftcni,!, ^^"^ ^^""^^"g '^^ """"'^ °f Eq. 75. However, the contribution from 

NnJl, E p, t) IS negligible at energies lower than about 10^ GeV ^' In that 
case, Wi is independent of p, and by Eq. 63, 

Wi(E, r , t ) = Wi(E,t) * i l i . 
2nr 
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R e s u l t s w e r e ob ta ined for p r i m a r y n u c l e o n s of 10^, 10^ and lO ' GeV for 

s h o w e r s deve lop ing in the a t m o s p h e r e , as we l l a s in an ion iza t ion c a l o r i m 

e t e r . They a r e r e p r e s e n t e d in F i g s . 16 -22 . All f i g u r e s r e f e r to the n u m b e r 

of p a r t i c l e s wi th e n e r g y E > 2 GeV. 

DISTANCE FROM THE SHOWER AXIS (meters) DISTANCE FROM THE SHOWER AXIS ( g / c m ) 

Fig. 16. Integral Lateral Structure Function for 
the Atmosphere at EQ - 10^ GeV. 
ANL Neg. No. 145-1252 Rev. 1. 

Fig, 17. Integral Lateral Structure Function for 
the Ionization Calorimeter at EQ = 
106 GeV. ANL Neg. No. 145-1249. 

DISTANCE FROM THE SHOWER AXIS (meters ] DISTANCE FROM THE SHOWER AXIS (g/cm^) 

Fig. 18. Integral Lateral Structure Function for 
the Atmosphere at EQ = 10^ GeV. 
ANL Neg. No. 145-1251. 

Fig. 19. Integral Lateral Structure Function for 
the Ionization Calorimeter at EQ = 
105 GeV. ANL Neg. No. 145-1259. 



DISTANCE FROM THE SHOWER AXIS (meters) 

Fig. 20. Integral Lateral Structure Function for 
the Atmosphere at E(5 = 10* GeV. 
ANL Neg. No. 145-1248. 

DISTANCE FROM THE SHOWER A X I S ( g / c m I 

Fig. 21. Integral Lateral Structure Function for 
the Ionization Calorimeter at EQ = 
10'* GeV. ANL Neg. No. 145-1253. 
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Fig. 22 
Number of Particles per Unit Area as a Function 
of the Primary Energy at Different Values of r. 
ANL Neg. No. 145-1247 Rev. 1. 

Ca lcu la t ions w e r e a t t empted us ing the p a r t i c l e - p r o d u c t i o n c r o s s 
sec t ions given by the t w o - t e m p e r a t u r e m o d e l . U n l e s s the funct ions involved 
a r e a p p r o x i m a t e d by s i m p l e r o n e s , the c o m p u t e r t i m e b e c o m e s v e r y l a r g e . 
We hope to m a k e fu r the r ca l cu l a t i ons in th i s d i r e c t i o n in the fu tu re . 

E. D i s c u s s i o n and Conc lus ions 

The p ion- l ink me thod h a s p r o v e d to be a use fu l guide in the p h y s i c a l 
i n t e r p r e t a t i o n of the deve lopmen t of the' n u c l e a r ac t ive c o m p o n e n t of o n e -
d imens iona l ex tens ive a i r showers.'*^ It g ives a m o s t i m p o r t a n t ro l e to 
p ion-nuc leon co l l i s i ons . 
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Comparing the lateral s tructure function for the same pr imary 
energy in the atmosphere and in the ionization calorimeter , we see that 
in the last case the curves are more flat. This is a consequence of the 
fact that the decay affects more those pions that are farther away from 
the shower axis and are less energetic. As could be expected, the effect 
is smal ler at bigger depth. 

Figure 22 shows that the number of part icles per unit area grows 
faster with the pr imary energy for small values of r, where the S_^ con
tribution is more important. Figure 16 compares this with the Monte 
Carlo calculation of Ref. 46. The Monte Carlo curve drops out too fast 
compared to the measurements of Abrosimov et al.. ,^' Nikolsky et̂  al.,^'* 
and Chatterjee et ai.^^ The curves calculated here are in good agreement 
with those experimental data. Finally, the method used here has proven 
to be fast: For Eo = 10^ GeV, the computing time is less than 30 min. 



A P P E N D I X 

A FORTRAN IV P r o g r a m to Compute the L a t e r a l S t r u c t u r e F u n c t i o n 
of the N - c o m p o n e n t of E x t e n s i v e A i r S h o w e r s 

1. Definit ion of the Most Re levan t Quan t i t i e s Involved in the P r o g r a m 

EO = E n e r g y of the p r i m a r y p a r t i c l e (Eo) 

BETA = p = decay p a r a m e t e r of pions 

P T ( I , J , K ) = N(Ei, 'nj , tk) 

PIT(L J , K ) = n(Ei ,Tl j , tk) 

P T I N T ( I , J , K) = / ° W ( E , T l j , t g d E 
Ei 

rr 

P I T I N T d , J, K) = I °n(E,11j,tj^) dE 
Ei 

HI = Ei - Ej^.j (different for each s l i ce ) 

RO = p = e - V i ° ' 

K2 = Pj - Pj + , 

H3 = tk+, - t^ 

S(E, ETA, T) = roo t s of Eq. 75 

PINT = / dT 

of Eq. 70 

Hff - p ( l f -){rTTN̂ î "̂ (E, n, T)+^ r„,fir-'^(E, ^ T)} 

SNNT(S, RO, T ) = f gj^j^(q, ^, t)qS dq 

SNNT1(S, RO, T) = ± SNNT(S, RO T) 
OS ' 

SNNT2(S, RO, T) = - ^ S N N T ( S , R O T) 
bS^ 

S N P I T ( S , R O , T ) = f S N „ ( q , n , t ) q S d q 



S N P I T l ( S . R O , T ) = - 5 - S N P I T ( S , R O , T ) OS \ . / 
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SNPIT2(S , RO, T) = - 2 - S N P I T ( S , R O , T ) 
bs^ 

S P I N T ( E , E l , RO, GAMMA, T) 

00 

27; / / S „ N ( E , E 1 , 9 ) exp(iAi9i) d9id9: 
- 0 0 

S P I P I T ( E , E l , RO, GAMMA, T) 

00 

^ JJ S„„(E, E l , 6) exp(iAi9i) de,de2 
- 0 0 

F T = F { " ' ' ' ( S , Tl,t) g iven by Eq. 72 

Ai = p(Y-t) 

Ai=p(Y-t) 

F T l = - - F T 
bs 

F T 2 = • F T 
bs^ 

P I T T = Il(s, 11, t) = 1 E^n(E , 11, t) dE 
Jo 

P I T T l = -r- P I T T 
bs 

P I T T 2 P I T T 
bs' 

YNT = r j^Nf^E.Tl , T ) + - ^ r „ n n i ' " ' " ( E . ' n , T)of Eq. 70 

YNTi = -^r„„n^,"-"(E,"n. T) 
•^TT 

YNT2 = r „N '^ i " ' (E ,T l , T) . 

N l , N2, and N3 a r e the f i r s t , s econd , and t h i r d d i m e n s i o n s , r e s p e c t i v e l y , for 
any m a t r i x i nvo lved in the p r o g r a m . 
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2. Description of the Program 

We start by reading the data EQ, P, H 2 , H 3 , N 2 , and N3 and initialize 
the matrices involved. 

The variable ITER numbers the different slices of energy. In the 
first one, FT, FT l , and FT2 are set equal to zero because there is no 
contribution from the te rm ri\[.ĵ II]. 

Equation 75 is solved in each slice for S(E, Tl, t) by a modified Newton-
Raphson method using the values of FT, F T l , and FT2 obtained in the p r e 
vious slice. An alarm signal is printed out if the subroutine i te ra tes more 
than 20 times to find a root. 

All the integrations involved in the program were performed by using 
the trapezoidal rule. 

The output consists of the matr ices PT, PIT, PTINT, and PITINT. 
The last two represent {W,(>Ej, T];, tĵ )} and {ni(>Ei, Tlj, tj^)}, respectively, 
and they must be integrated according to Eq. 63 to obtain {Wi(>Ej, T];, tĵ )} 
and iIIi(>Ei, Tlj, t^)}. This is achieved by using an auxiliary interpolation-
integration program. 

Below we give a flow chart (Fig. 23) and a listing of the FORTRAN IV 
main program and subroutines. 



( START ") 

READ EO, H2, H3, BETA, 
N2, N3 

INITIALIZE PITINT, X, PI, 

PIT , NlxN2xN3 MATRICES 

ITER=1 , EEO= EO 

EPION . 0.185 EEO'"*, DELTAE -
EE0-EPI0N,HI=2EPION,N1=1DELTAE/HI 

<;''^TER23^ 
^^^^^^ ? ^ ^ 

I NO 

.^ - " " ^ E R ? ! ^ 

' NO 

FT = FTl - FT; 

COMPUTE SCE,ETA,T) 
VALUES OF E ,N2 VALUES OF 

OF T 

= 0 

FOR 
ETA 

YES 

\ 

NI 

ES 

* 
NI 
, N3 VALUES 

DELTAE 
HI 

' 

' 

CALL SUB3 
OBTAIN FT, 
FTl ,FT2 

FOR ALL VALUES 
OF E.ETA.T 

COMPUTE PTINT(I,J,K) 
Nl X N2 X N3 MATRIX 

COMPUTE PTd.J.K) 
Nl X N2 X N3 MATRIX 

o 
RESET INITIAL E, ETA , T 

CALL SUB2 , OBTAIN PINT 
AND THEN PIlCl.J.K) , 
Nl X N2 X N3 MATRIX 

COMPUTE PITINT (I.J.K) 
Nl X N2 X N3 MATRIX 

PRINT AND PUNCH PT , 
PIT , PTINT , PITINT 

EEO=EE0 - DELTAE 
ITER = ITER + 1 

(̂  END J 

Fig. 2 3 . Flow Chart for FORTRAN IV Program 



( SUBROUTINE SUB3(FT,FT1 ,FI2 ,1, J,K,S ,ETA ,T) j 

1 CALL SUB6 ;OBTAIN PITT, PITTl ,PITT2 

COMPUTE FT ,FT1 ,FT2 

(̂  RETURN J 

SUBROUTINE SUB6(P ITT,PITT1,PITT2,I.J,L,S,ETA,T)J 

COMPUTE NIOLD , THE VALUE OF Nl 
FOR THE PREVIOUS SLICE 

COMPUTE PITT , PITTl , PITT2 

(RETURN^ 

Q SUBROUTINE SUB2 (PINT . 1,J.K,E.ETA ,T) J 

I CALL SUB7 , OBTAIN YNT I 

COMPUTE PINT 

Q RETURN ) 

C SUBROUTINE SUB7 (YNT.I,J,L.E,ETA.T) ) 

COMPUTE NIOLD 

COMPUTE YNTI , YNT2 , YNT 

(̂  RETURN ^ 

Fig. 23 (Contd.) 
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(^FUNCTION S ( E , ETA, T ) ) 

, ^ E R = l ^ ^ ^ ^ 

' NO 

CALL SUB3 , 
OBTAIN FT, FTl, FT2 

YES 

COMPUTE ROOT S 
WITH ERROR < EPS 

• 

( RETURN ) 

Fig. 23 (Contd.) 

3 . F O R T R A N IV P r o g r a m 

THIS PROGRAM SOLVES NUMERICALLY THE THREE DIMENSIONAL NUCLEON 
CASCADE EQUATIONS 

FUNCTION SUBPROGRAMS MUST BE SUPPLIED FOR THE FUNCTIONS S P I N T I E . E l l , 
SP IP IT (E ,E l l ,SNNT(S l fSNNTl (S I ,SNNT2(S I .SNPIT (S I .SNPIT l (S ) tSNPIT2 l5 ) 

READ IMPUT AND COMPUTE STARTING VALUES 
READ 10,E00,H2,H3,BETA,N2.N3 

10 F0RMAT(4E12.0/215) 
DIMENSION P T ( 1 0 0 , 1 0 . 1 5 l , P I T ( 1 0 0 , 1 0 . 1 5 ) | P n O O t I O i I 5 l f 

1 F C N 1 ( 1 0 0 ) . F C N 2 < 1 0 0 ) , P T I N T ( 1 0 0 > 1 0 , 1 5 ) . X ( 1 0 0 t 1 0 . 1 5 1 
2 ,PITINTtl00.10,15l 
COMHON/Z/PT,PIT.N1,N2.N3,EEO>H1.H2.H3.BETA 
C0MM0N/Z2/ITER 
COMMON/Z3/E0.I.J.K 
C0MM0N/Z5/UU 
E0=E00 
RO0=l.l 
T0=0.0 
DO 12 1̂ =1.100 
DO 12 J=1.N2 
DO 12 K=1,N3 
PITINTd.J.K)=0.0 
X(I.J,KI=1.9 
PT (I.J.K)=0.0 

12 PIT (I,J.K)=0.0 
EXTERNAL COMPUTING LOOP 
ITER=1 
EEO=EOO 

15 EPION=0.185*EE0**0.75 
DELTAE=EE0-EPION 
H1=2.0*EPION 
N1=0.5*DELTAE/H1 
IF ( ITER.GE.3 I N1=DELTAE/H1 
I F d T E R . G T . n GO TO 20 
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C THE FOLLOWING 3 CARDS MUST BE REMOVED WHEN PIONS CONTRIBUTION TO NUCLEONS 
C CANNOT BE NEGLECTED 

FT=0.0 
FT1=0.0 
FT2=0.0 

C INTERNAL COMPUTING LOOP 
20 E=EE0-0.5*DELTAE 

IFlITER.EO.il E=E/2.0 
IFtITER.E0.I)Nl=Nl/2 
IF(ITER.GE.3I E=EEO 
DO 100 1=1.Nl 
E=E-H1 
UU=X(I,1,11 
RO=RO0 
DO 100 J=1,N2 
R0=R0-H2 
ETA=-1000.0*ALOG{RO» 
UU=X(I,J,1) 
T=TO 
DO 100 K=1.N3 
T=T*H3 
U=S(E,ETA,T) 
X(I,J,K)=U 
UU=U 
TERM1=(E0/E)**U 
ALEO=ALOG(EO) 
IF(ITER.EQ.l) GO TO 30 

C THE FOLLOWING CARD MUST BE USED ONLY WHEN PIONS CONTRIBUTION TO 
C NUCLEONS CANNOT BE NEGLECTED 

CALL SUB3(FT,FT1.FT2,I,J,K,U,ETA,T) 
TERM=(1.0+FT*E0**(-U))**(-l,OI 
DEN=E0**(-U)*TERH 
DERIV=TERM*ALEO**2+FT2*DEN-(TERM«ALEO*FTl»DEN»»*2 
IF(DERIV.LE.0.0I GO TO 30 
GO TO 31 

30 CONTINUE 
DERIV=0.0 

31 CONTINUE 
OENOM=U*(6.2 832*tSNNT2IU,ETA,T)+DERIV*1.0/U**2n»»0.5 

100 PTINT(I,J,K)=EXP(SNNT(U,ETA,T)-TI*(TERMl*FT»E*«t-UI)/DENOM 
NN1=N1-1 
00 98- 1 = 2,NNl 
DO 98 J=1.N2 
DO 98 K=1,N3 
PT1I.J,K)=0.5*(PTINT1I+1,J.KI-PTINT(I-1,J,K)I/H1 
IF(PT(I,J,K).LE.0.0) PT(I,J.K(=PT(I-1.J.K> 

98 CONTINUE 
00 99 J=1,N2 
00 99 K=1,N3 

99 PT(1,J.KI=PT(2.J,KI 
DO 97 J=1.N2 
DO 97 K=1,N3 

97 PT(N1,J,KI=2.0»PT(NN1,J.KI-PT(N1-2.J,K) 
E=EE0-0.5»DELTAE 
IFCITER.EO.ll E=E/2.0 
IF(ITER.GE.3) E=EEO 
DO 101 1=1.Nl 
E=E-H1 
R0=R00 , 
DO 101 J=1,N2 
R0=R0-H2 
ETA=-1000.0*AL0G(R0I 
T=TO 

http://IFlITER.EO.il
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00 101 K=1,N3 
T=T*H3 
CALL SUB2(PINT.I.J,K,E.ETA,TI 

101 P(I.J.K)=EXP(-0.665*T1*PINT 
DO 134 1=1,Nl 
DO 134 J=1,N2 
DO 134 K=1.N3 

134 PIT(I.J,KI=P(I,J.K| 
M=ITERtl 
DO 105 J=1.N2 
DO 105 K<:1,N3 
SUM=0.0 
DO 104 1=1,Nl 

104 SUM=SUM+PIT(I.J.Kt 
PITINT(M.J.K)=PITINT(M-1.J,K)*H1»SUM 

105 CONTINUE 
PRINT 123 

123 FaRMAT(20H SIGNAL XXXXXXXXXXI 
PRINT AND PUNCH OUTPUT 
DO 222 K=1.N3 
PRINT 777.N1.H1 
DO 222 1=1.Nl 
PRINT 888,(PTINT(I.J.K).J=1.N2> 

222 CONTINUE 
DO 999 K=1,N3 
PRINT 777,N1.H1 
DO 999 1=1,Nl 
PRINT 886.( PT(I.J.KI.J=1.N2) 

999 CONTINUE 
00 333 K=1.N3 
PRINT 555.N1,H1 
00 333 1=1,Nl 
PRINT 888,(PIT (I,J.KI.J=1.N2> 

333 CONTINUE 
PRINT 899 
DO 666 K=1.N3 
PRINT 888,(PITINT(M.J,KI,J=1.N2) 

666 PUNCH 889,(PITINT(H.J.KI,J=1.N2I 
555 F0RMAT«20H PIONS .4HN1= .I3,4HH1= .E12.4) 
777 F0RMATI20H NUCLEONS ,4HN1= .I3.4HH1» .E12.4I 
888 F0RMATI10E12.4I 
889 F0RMATI5E12.4/5E12.4) 
899 FORMAT!24H PION INTEGRAL SPECTRUM! 

EEO=EEO-DELTAE 
ITER=ITER+1 
IF(EPI0N.LE.2.0I GO TO 21 
GO TO 15 

21 CONTINUE 
RETURN 
END 

SUBROUTINE SUB3(FT.FT1.FT2.t,J.K.S.ETA.TI 
C0MM0N/Z/PT,PIT.N1.N2.N3.E0.H1.H2.H3.BETA 
C0MM0N/Z2/ITER 
DIMENSION P T ( 1 0 0 . 1 0 , 1 5 I . P I T ( 1 0 0 . 1 0 . 1 S ) . F C N ( 2 0 I . F C N 1 ( 2 0 I . F C N 2 ( 2 0 I 
SUM=0.0 
SUM1=0.0 
SUM2=0.0 
00 200 L«1.K 
X=L 
Y=H3*X-H3 
CALL S U B 6 ( P I T T . P I T T l . P I T T 2 , I , J , t , S , E T A , Y I 
FACT=EXPISNNT(S.ETA.VI-YI 



V1=SNPIT I S , E T A . Y ) 
V 2 = S N P I T 1 ( S , E T A , Y ) 
V 3 = S N P I T 2 ( S , E T A . Y ) 
U1=SNNT1 I S . E T A . Y ) 
U2=SNNT2 ( S . E T A . Y ) 
F C N ( L > = V 1 * F A C T * P I T T 
F C N l ( L l = F A C T * ( V 2 * P I T T - i - V l * P I T T l - V 1 » P I T T * U 1 I 

2 0 0 F C N 2 ( L I = F A C T * ( V 3 * P I T T * 2 . 0 * V 2 * P I T T 1 + V 1 * P 1 T T 2 - U 1 * I V 2 * P I T T * V 1 * 
1 P I T T 1 I + V 1 * ( U l * * 2 - U 2 I ) 

I F ( K . E Q . l ) GO TO 50 
I F t K . E Q . 2 l GO TO 51 
KK=K-1 
DO 49 L=2 ,KK 
SUM=SUM+FCN(L) 
SUM1 = SUMH-FCN1(L1 

4 9 SUM2=SUM2+FCN2(L) 
F T = H 3 / 2 . 0 * ( F C N « 1 ) * 2 . 0 * S U M * F C N ( K I ) * 0 . 6 6 5 
F T 1 = H 3 / 2 . 0 * ( F C N 1 C 1 ) « - 2 . 0 * S U M 1 « - F C N 1 ( K ) I * 0 . 6 6 5 
F T 2 = H 3 / 2 . 0 * ( F C N 2 ( 1 ) + 2 . 0 * S U M 2 + F C N 2 ( K I 1 * 0 . 6 6 5 
RETURN 

50 F T = 0 . 0 
F T 1 = 0 . 0 
F T 2 = 0 . 0 
RETURN 

5 1 F T = H 3 / 2 . 0 * ( F C N ( l l t F C N ( 2 l l * 0 . 6 6 5 
F T 1 = H 3 / 2 . 0 * ( F C N 1 ( 1 ) + F C N 1 ( 2 I ) * 0 . 6 6 5 
F T 2 = H 3 / 2 . 0 * ( F C N 2 ( 1 ) + F C N 2 ( 2 I ) * 0 . 6 6 5 
RETURN 
END 

SUBROUTINE S U B 6 I P I T T , P I T T 1 . P I T T 2 . I . J . L . S . E T A . T 1 
C O M M O N / Z / P T . P I T . N 1 . N 2 , N 3 . E O , H 1 . H 2 , H 3 , 8 E T A 
COMMON/22/ ITER 
DIMENSION P T ( 1 0 0 , 1 0 , 1 5 1 , P I T ( 1 0 0 , 1 0 . 1 5 » . F C N ( 1 0 0 I . 

1 F C N 1 ( 1 0 0 ) , F C N 2 ( 1 0 0 ) 
SUM=0.0 
SUM1=0.0 
SUM2=0.0 
O L D E O = ( E 0 / O . 1 8 5 ) » * 1 . 3 3 3 
N10LD=0 .25*OLDEO/E0 
I F I I T E R . E O . l l N10LD=N10LD/2 
I F ( I T E R . G E . 4 ) N10LD=2*N10LD 
0 0 50 M=2,NIOLD 
X=M 
Y = X * H 1 - H 1 
U=ALOG(Y) 
F C N I M I = Y * * S * P I T ( H , J . L » 
F C N 1 ( M ( = F C N ( M I * U 

50 F C N 2 ( M ) = F C N 1 ( M ) * U 
NN=N10LD-1 
DO 51 M=2,NN 
SUM=SUM+FCNIM) 
SUM1=SUM1+FCN1(MI 

5 1 SUM2=SUM2*FCN2(M( 
P I T T = H 1 / 2 . 0 * ( 2 . 0 * S U M •FCN ( N I O L D M 
P I T T 1 = H 1 / 2 . 0 * ( 2 . 0 * S U M 1 * F C N 1 ( N 1 0 L D ) I 
P I T T 2 = H 1 / 2 . 0 » ( 2 . 0 * S U M 2 * F C N 2 ( N 1 0 L D I ) 
RETURN 
END 
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SUBROUTINE SUB2(PINT.I.J.K,E.ETA.Tt 
C0MM0N/Z/PT.PIT.N1,N2,N3,E0.H1.H2,H3,BETA 
C0MM0N/Z2/ITER 
C0MM0N/Z4/TT 
DIMENSION PTtl00.10.15).PIT(100.10,15I.FCN(20».FCNH20I.FCN2t20) 
TT=T 
SUM=0.0 
DO 50 L=1.K 
X=L 
Y=X*H3-H3 
CALL SUB7(YNT.I.J.L.E.ETA,Y) 

50 FCN«Ll=(Y/T)**(BETA/E)*EXP«0.665*Y)*YNT 
IFIK.EQ.ll GO TO 51 
IF(K.EQ.21 GO TO 52 
KK=K-1 
DO 53 L=2,KK 

53 SUM=SUM*FCN(L) 
PINT=H3/2.0*(FCN(1)*2.0*SUM+FCN(K)) »0.665 
RETURN 

51 PINT=0.0 
RETURN 

52 PINT= H3/2.0*(FCN(1)*FCN(2)» *0.665 
RETURN 
END 

SUBROUTINE SUB7(YNT.I.J.L.E.ETA.T) 
C0MM0N/Z/PT.PIT.NI.N2.N3.E0.H1.H2.H3.BETA 
C0MM0N/Z2/ITER 
C0MM0N/Z4/TT 
DIMENSION PT(100.10.15),PIT(100.10.15I,FCN(100» 
IF(ITER.EO.l) GO TO 52 
OLDE0=(E0/0.1851**1.333 
N10LD=0.25*0LDE0/E0 
IFIITER.GE.4I N10LD=2*N10LD 
H10LD=2.0*E0 
SUM1=0.0 
NN=N10L0-1 
DO 50 N=2.NN 
X=N10LD-N 
Yl=E0tH10L0*X 
V1=SPIPIT(E.Y1.ETA.TT,T) 
V2=PIT(N.J,L) 
FCN(NI=V1*V2 

50 SUM1=SUM1*FCN(N1 
YNT1=H10LD*(SUM1-FCN(2)) 
GO TO 53 

52 VNT1=0.0 
53 CONTINUE 

SUM2=0.0 
NN=I 
IFINN.LE.2» GO TO 51 
DO 49 N=1.NN 
X=N 
Y2=E*H1*X 
UI=SPINT1E,Y2.ETA,TT,TI 
U2=PT(I-N*1,J.LI 
FCN(NI=U1*U2 

49 SUM2=SUM2»FCN(NI 
VNT2«H1/2.0*(2.0*SUM2-FCNCll-FCN(NN)» 
YNT=YNT1*YNT2 
RETURN 

51 YNT=YNT1 
BFTIIRN 
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FUNCTION SlE.ETA.Tl 
COMMON/Z/PT.PIT,N1,N2.N3.EEO.H1.H2.H3,BETA 
C0MM0N/Z2/ITERAT 
COMMON/Z3/E0,I.J.K 
C0MM0N/Z5/UU 
DIMENSION P T ( 1 0 0 . 1 0 , 1 5 ) . P I T ( 1 0 0 . 1 0 . 1 5 ) 
X=UU 
ALEO=ALOG(E0) 

ARG=ALOG(E0/E) 
EPS=1.0E-4 

ITER=1 
52 CONTINUE 

FACT=2.0*1.3 85*EXP(-1 .385*X)*T*1.0 /X-ARG 
DENOM=2.0* (1 .385 I * *2*EXP( -1 .385*XI *T+1 .0 /X**2 
IF( ITERAT.EO.l ) GO TO 53 
EOX=E0**(-XI 
CALL SUB3(FT,FT1.FT2. I ,J .K.X,ETA.T1 
DD=1.0+FT*E0X 
TERM1=ALE0-1ALE0+FT1*E0XI/DD 
TERM2=t(ALEO**2*FT2*EOX)*OD-(ALEO*FTl*EOX)**21/00**2 
FACT=FACT*TERM1 
DEN0M=DEN0M+TERM2 

53 CONTINUE 
XNEW=X*FACT/DENOM 
DELTA=ABS(XNEW-XI 
IFtDELTA.LT.EPS) GO TO 50 
IF(XNEW.LE.l.E-lO) XNEW=ABS(XNEW)*EPS 
IFIXNEW.GT.I.EIOI XNEW=EPS 
X=XNEW 
ITER=ITER*1 
IF(ITER.GT.201 GO TO 51 
GO TO 52 

51 PRINT 200 
50 CONTINUE 

S=XNEW 
200 FORMAT(16HALARM DIVERGENCE) 

RETURN 
END 

FUNCTION SNNT (X.RO.T) 
SNNT = 2.0*T*EXP<-1.385*X) 
RETURN 
END 

FUNCTION SNNTUX.RO.TI 
SNNT1=-1.385* 2 .0»T*EXPl - l . 385*X ) 
RETURN 
END 

FUNCTION S N N T 2 I X . R O . T ) 
SNNT2= 1.92 * 2.0*T*EXP(-1.38S*X) 
RETURN 
END 

FUNCTION SNPIT (S.RO.T) 
SNPIT= T*EXP(-6.21462*3) 
RETURN 
END 

http://SNNT2IX.ro
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FUNCTION SNPITKS.RO.T) 
SNPIT l= -6 .21462* T*EXP(-6 .21462*S) 
RETURN 
END 

FUNCTION SNPIT2(S.R0,T) 
SNPIT2=(6 .21462)* *2» T*EXP(-6 .21462*5) 
RETURN 
END 

FUNCTION SPINTIE,El.RO,GAMMA.T) 
A=16.5 
B=2.6 
C=5.55 
SPINT=A/C**2*1.0 / S 0 R T ( E 1 ) * E X P ( - B * E / E 1 » * 0 . 7 5 ) * I 1 . 0 * 

1 ( R O * « G A M M A - T I / ( C * E ) ) * * 2 I * * ( - 1 . 5 ) 
RETURN 
END 

FUNCTION SPIPITIE.El.RO.GAMMA.T) 
A=8.3 
B=1.3 
C=5.55 
SPIPIT= 1.0 /S0RT(E1)*EXP«-B*E/E1**0.75I*(1.0+ 

1 (RO*(GAMMA-T)/(C*E))**2)**(-1.5)*A/C**2 
RETURN 
END 

DIMENSION PI TINT!100.10.15),PI(100.10,15).Rl 101 
Nl = l 
N2=10 , 
N3=15 
DO 200 1=1,Nl 
00 200 K=1.N3 
READ 101.(PITINTd,J.K) .J = 1.N2) 
PRINT 101.(PITINTd.J.K).J = 1.N2) 

200 CONTINUE 
101 F0RMAT(5E12.4/5E12.4) 

Rd)=0.00001 
R(2I=0.0001 
R(3)=0.001 
R(4)=0.002 
R(5)=0.005 
R(6)=0.009 
R(7)=0.01 
R(8I=0.02 
R(91=0.08 
R«10)=0.1 
DO 201 1=1.Nl 
DO 201 J=l,10 
DO 201 K=10.N3 
SUM1=0.0 
R0«1.101 
NN2=N2-1 
DO 202 L=1.NN2 
R0=R0-0.1 
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SUM2=0.0 
DO 203 M=1.100 
X=M 
ROX=X*0.001 
ROXX=RO-ROX 
FACTl = PITINT(I.L*l.Kl + (PITINTd.L,K)-PITINT(I,L*l.K))*10.0*(0.1-
1 ROX) 
FACT2=-BESJ0(-1000.*R(J)*ALOG(ROXX)l*ALOG{ROXX)/ROXX 
FACT=FACT1*FACT2 

203 SUH2=SUM2tFACT 
202 SUM1=SUM1+SUM2 

PI(I.J.K)=1.06*SUM1 
201 CONTINUE 

C PRINT OUTPUT 
00 205 K=10.N3 
PRINT 300 
DO 205 J=l,10 

205 PRINT 301.(PI(I.J.K).I=1.N1) 
300 FORMAT(lOH PIONS) 
301 FORMATdOE12.4) 

RETURN 
END 

FUNCTION BESJO(X) 
IF(X.GT.3.0) GO TO 51 
U=X/3.0 
BESJO=1.0-2.2499997*U**2+1.2656 208*U**4-.3163 8 66*U**6*.0444479*U 
1 **8-.0039444*U*»10*.00021*U**12 
GO TO 52 

51 CONTINUE 
V=3.0/X 
F=.79788456-.00000077*V-. 0055274*V**2-.00009512*V**3*.00137237*V** 
1 4-.00072805*V**5*.00014476*V**6 
T ITA=X-.78539816-.04166397*V-.00003954*V**2 + .00262573»V**3 
1 -.00054125*V**4-.00029333*V**5*.00013558*V**6 
BESJ0=X**(-0.5)*F*COS(TITA) 

52 CONTINUE 
RETURN 
END 
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